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a b s t r a c t 

A simple beam analysis is developed that accounts for the tensile and shear interactions 

between the surfaces of two beams that have been brought into contact. The generally 

coupled differential equations for the relative normal and tangential displacements be- 

tween the interacting surfaces and the normal and shear components of the traction be- 

tween the two surfaces are decoupled when a balance condition involving the bending 

stiffness and height of each beam is satisfied. This condition also allows the normal and 

shear components of the J-integral and the crack tip displacement to be obtained from 

measurements of the applied loads along with load point displacement and rotation of 

each beam. As a result, the derivative of each component of the J-integral with respect 

to its associated crack tip displacement simultaneously provides both the normal and 

shear traction–separation relations at any value of the mode-mix without invoking any as- 

sumption on the particular form. As an application of this method, the normal and shear 

traction–separation relations for a silicon/epoxy interface were determined over nominal 

mode-mixes ranging from −53 ° to 87.5 ° using non-symmetric end-loaded split (ELS) and 

end-notched flexure (ENF) specimens. It is found that many of the assumptions made pre- 

viously in developing traction–separation relations based on potential or damage-based 

approaches do not apply to this particular interface, which should motivate future theoret- 

ical developments. 

© 2018 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

1. Introduction 

Interfacial fracture in multi-layer structures has been a critical issue for thin film/substrate systems in electronic pack-

ages (Ho et al., 2004; Liu et al., 2007) . Especially in integrated chip-package systems, interfacial fractures along die and die-

attach, die and epoxy molding compound interfaces are commonly observed after thermal processing (Zhang et al., 2008) .

Interfacial fracture is also important in nanomanufacturing where it can be exploited for selective delamination in transfer

printing (Kim-Lee et al., 2014; Carlson et al., 2011) and roll-to-roll processes (Na et al., 2015; Xin et al., 2017) . These interfa-

cial fractures normally propagate under mixed-mode conditions due to differences in material properties, layer thicknesses,

residual stresses as well as the globally applied loading conditions. In what follows, we briefly review developments in mod-
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eling and experiments for interfacial fracture, focusing on cohesive zone models and experimental methods for extracting

traction–separation relations. 

1.1. Cohesive zone modeling 

The analysis of crack growth at interfaces was initially approached from what has become known as the linearly elastic

fracture mechanics (LEFM) approach (Hutchinson and Suo, 1992) . It is often used when brittle fracture conditions prevail

in situations where the fracture process zone is small and the materials are elastic. For larger fracture process zones, the

nonlinear behavior of the interactions just ahead of the crack front is accounted for by the cohesive zone modeling approach,

which is able to simulate the development of the fracture process or cohesive zone along the interface. 

The cohesive zone modeling approach was first proposed for monolithic materials by Dugdale (1960) and Barrenblatt

(1962) in order to describe the fracture processes in metals by accounting for plasticity near the crack tip. Needleman

(1987) and Ungsuwarungsri and Knauss (1987) first applied this approach in modeling interfacial crack propagation. By in-

troducing traction–separation relations to represent interfacial interactions, this approach offered a way to model the nucle-

ation and propagation of interfacial cracks, something that is lacking in LEFM analyses. Cohesive zone modeling soon became

popular not only for modeling interfacial delamination (Feraren and Jensen, 2004; Li et al., 2005; Parmigiani and Thouless,

2007; Valoroso and Champaney, 2006) , but also for other interface problems such as crack nucleation at bi-material corners

(Mohammed and Liechti, 20 0 0) , plastic dissipation in thin films (Shirani and Liechti, 1998) , and delamination of composites

(Sørensen and Jacobsen, 2003 ; Li and Thouless, 2006 ; Moroni and Pirondi, 2011) . However, specific interfacial traction–

separation relations are required to properly describe the fracture process and make meaningful predictions. In addition,

because interfacial fracture generally involves combinations of tension and shear interactions at the interface or mixed-

mode effects, both normal and shear traction–separation relations are required and they are coupled in general (Li et al.,

2006; Högberg et al., 2007; Parmigiani and Thouless, 2007; Zhu et al., 2009) . 

In the early development of the cohesive zone modeling approach, the form of traction–separation relations was often

assumed. In the simplest case, the traction is constant over entire interaction range (Dugdale, 1960; Barenblatt, 1962) . The

trapezoidal and the bilinear forms of traction–separation relations were later assumed as a more realistic description of

the failing material with softening interactions ahead of the crack front ( Tvergaard and Hutchinson, 1996 ). Other forms of

traction–separation relations have been assumed, representing different fracture mechanisms. However, the following char- 

acteristics are generally observed (Park et al., 2009) : (1) the traction–separation relations are independent of superimposed

rigid body motion; (2) the fracture energy defined as the area under the traction–separation relation is finite; (3) the mode-I

(tensile) and mode-II (shear) fracture energies generally differ; (4) critical separations exist which lead to zero tractions; (5)

softening stages exist; (6) a potential energy function for the traction–separation relations may or may not exist. 

Based on observation (6) , traction–separation relations can be categorized as potential-based or damage-based. The

most commonly implemented potential-based traction–separation relations are the ones developed by Xu and Needleman

(1993) in which traction–separation relationships are obtained from the first derivatives of an interface potential function.

In this model, normal and shear interactions are coupled via exponentially decaying functions of normal and tangential sep-

aration (McGarry et al., 2014) . The ratio of the work of tangential separation to the work of normal separation was defined

to determine the strength of interface under mode I and mode II separation. Although this ratio varied for a number of

interfaces (Dollhofer et al., 20 0 0; Warrior et al., 20 03; Yang et al., 20 01) , it has often been taken as a constant in many

implementations (Rahulkumar et al., 20 0 0; Yuan and Chen, 20 03; Zavattieri et al., 20 08) . In the potential-based model, the

absence of damage means that there is no energy dissipation during loading–unloading cycles. This is not only potentially

an issue whenever the loading protocol is non-monotonic, but it also means that the interfacial interactions are reversible

and do not dissipate energy during crack growth. In the damage-based traction–separation relations, the decaying portion

of the traction–separation relation is often associated with a damage factor, which is a function of the vectorial separation

(Ungsuwarungsru and Knauss, 1987; Alfano and Crisfield, 2001) . The damage factor penalizes the stiffness to simulate the

softening behavior of the interface. The coupling of the normal and shear interactions is often established by a shared dam-

age factor. In damage-based models, energy dissipation exists due to the aforementioned stiffness penalty during damage

evolution and is irreversible. 

1.2. Extracting traction–separation relations 

The determination of traction–separation relations may be approached either directly or iteratively. In the direct ap-

proach, the specific mode-mix is identified using a linear elastic fracture mechanics analysis prior to the extraction of

traction–separation relations. The J-integral is then calculated approximately using analytical solutions. The local crack tip

deformations are measured and the traction–separation relations can then be obtained directly by taking the derivative of

the J-integral with respect to the measured crack tip displacements. This method has been demonstrated by many groups

(Stigh and Andersson, 20 0 0; Sørensen and Jacobsen, 20 03; Andersson and Stigh, 20 04; Sorensen et al., 20 08; Zhu et al.,

2009; Gowrishankar et al., 2012) . On the other hand, the iterative approach determines the parameters associated with as-

sumed functional forms of traction–separation relations by comparing numerical solutions of variables such as load, crack

extension (resistance curves), crack opening displacements, etc. to measurements. By matching the local measurements to
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cohesive zone modeling results (Cox and Marshall, 1991; Swadener and Liechti, 1998; Mohammed and Liechti, 20 0 0; Li

et al., 2005; Li et al., 2010; Mello and Liechti, 2006; Sørensen et al., 2008; Gain et al., 2011; Shen and Paulino, 2011; Na

et al., 2015) or by comparing far-field measurements such as load–displacement response, specific traction–separation rela-

tions are extracted at any particular mode-mix. 

The extraction of traction–separation relations by relying on only far-field measurements is essentially an inverse prob-

lem, which can be categorized into two types. In the first type, the extraction uses whole-field deformation measurements

such as moiré interferometry (Guo et al., 1999; Mohammed and Liechti, 20 0 0) . The second type uses measured load–

displacement or resistance curve data to find the optimal parameters for the traction–separation relations. 

The first approach is based on the Almansi theorem of elasticity (Sokolnikoff, 1946) , which states that if the displace-

ments and tractions are simultaneously prescribed over a finite region of the boundary of an elastic body, the whole elastic

field is then uniquely determined. As an example of this approach, Hong and Kim (2003) and Kim et al. (2012) devel-

oped the field projection method to extract the traction–separation relations from full-field measurements. In this inversion

analysis, a solution method was developed that utilizes the path-independent interaction J-integral applied to an eigen-

function expansion of the cohesive crack-tip field. First, a fundamental elastic-field solution to a semi-infinite crack with

a cohesive zone is developed, which was used as an auxiliary probe field. By applying interaction J-integrals between the

auxiliary field and the measured displacement data, the coefficients of the eigenfunction expansion are then determined.

This method ensures the uniqueness of the extracted traction–separation relations, thereby providing a powerful tool for

extracting traction–separation relations under mixed-mode conditions. 

The second approach is commonly applied to laminated beam type specimens, where the path-independent J-integral

can be estimated through beam theories or finite element analysis. A functional form of the traction–separation relations is

usually assumed depending on the material systems and the corresponding fracture processes. Then the parameters of the

assumed functional form are found iteratively by optimizing the parameters to match the numerical results obtained using

finite element analysis to measured data. However, any coupling between the normal and shear tractions along the interface

makes this process difficult. 

Nguyen and Levey (2009) presented an exact theory of interfacial debonding in layered elastic composites using Fourier

series. In their model, interfacial interactions were captured by non-linear springs. Wang et al. (2013) developed expres-

sions for energy release rates in layered isotropic double cantilever beams with non-rigid cohesive interfaces. Conroy et al.

(2015) conducted mixed-mode experiments and pointed out that the traction distribution in the cohesive zone is dependent

on the coupling of the governing equations for the variation of separation along the interface. Ouyang and Li (2009) reported

on the decoupling of tension and shear interactions in the governing equation for the shear traction distribution in the end-

notched flexure experiment and conducted experiments for extracting interfacial properties in pure Mode-II and moderate

mode-mixes by varying the thickness of the adhesive (Ji et al., 2012) . In their work, the single leg bending configuration

was used. The range of mode-mix was limited because both adherends were made of the same material and had the same

thickness. The relationship between the local crack tip displacements and measurements of global parameters such as load

and load-line displacement and rotation was not revealed. As a result, the local crack-tip opening displacements (CTODs)

were measured from images captured near the crack tip using a CCD camera. The resolution of the local CTOD measure-

ments was about 3.7 μm/pixel, which caused challenges for silicon/epoxy interfaces where critical separations are normally

on the order of several μm (Gowrishankar et al., 2012; Wu et al., 2016) . In this work, we exploit the decoupling concept of

Ouyang and Li (2009) for determining the normal and shear components of traction–separation relations at any mode-mix. 

1.3. Loading configurations 

The symmetric double cantilever beam (DCB) specimen (Kanninen, 1973; Chow et al., 1979; Williams, 1989; Zhu et al.,

2009) has been mainly used for characterizing tensile interfacial interactions (mode I). Mixed-mode interactions have

been obtained by introducing asymmetries in the geometry or loading (Sørensen and Kirkegaard, 2006; Mangalgiri et al.,

1986; Sundararaman and Davidson, 1997) . Other commonly used mixed-mode specimens include the four-point bend test

(Charalambides et al., 1989; Charalambides et al., 1990) and the end loaded split (Hutchinson and Suo, 1992; Wang and

Vukanh, 1996) . The nature of mixed-mode experiments has always required the need for innovation which has brought

about a lot of modifications to previously existing mixed-mode test specimens (Reeder and Crews Jr., 1990; Fernlund and

Spelt, 1994; Sundararaman and Davidson, 1997; Sorensen et al., 2006 ; Bing and Davidson, 2010) . Each specimen however

has its own advantages and limitations with respect to the mode-mix range provided, the material system dependence and

the ease of implementation. 

As mentioned earlier, local crack tip measurements such as crack front location and opening are often required for the

extraction of traction–separation relations. Crack opening interferometry (Liechti, 1993) , digital image correlation (Pan et al.,

2009) , and laser generated stress pulses (Pronin and Gupta, 1998) have been developed in the past decade to provide such

measurements. Crack opening interferometry has been used to characterize crack tip behavior in glass/adhesive systems

(Chai and Liechti, 1992; Liechti, 1993; Swadener et al., 1999; Mello, 2006) , copper/sapphire bi-crystals (Kysar, 2001) , func-

tionalized silicon surfaces (Liechti et al., 2013; Na et al., 2016) , and silicon/epoxy interfaces (Gowrishankar et al., 2012) .

The main advantage of this technique is that it provides high resolution for suitably transparent adherends. However, the

technique only provides normal crack opening displacements hence cannot be used to determine shear interactions. 
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Fig. 1. (a) General specimen configuration, (b) free body diagrams of interacting beam elements. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the present study, these considerations motivated the choice of asymmetric laminated beam specimens with two

different end loading conditions with measurements of end loads, load point displacements and rotations to determine

the normal and shear crack tip displacements. This allowed tensile and shear traction–separation relations to be measured

simultaneously at each of the mode-mixes that were considered. 

2. Analysis 

The analysis presented here first establishes the theoretical basis for simultaneously extracting the normal and shear

components of traction–separation relations for mixed-mode interactions between contacting surfaces in laminated beams. 

The next step is to evaluate the range of nominal mode-mix phase angles that could be obtained from the two end loading

conditions (ELS and ENF). 

2.1. Beam interaction analysis 

An analysis of beam interactions based on simple beam theory is developed that accounts for the normal and shear

interactions between the surfaces of two beams which have been brought into contact. The interactions could arise from

chemical or physical connections between the surfaces. They could also include the presence of an interlayer, such as an

adhesive; in that case, the relative displacements between the surfaces of the beams includes the bulk deformation of the

interlayer as well as the two sets of interfacial displacements between the interlayer and the beams. No a priori assumptions

are required as to the functional form of the interactions. 

The laminated beam specimen formed by two interacting beams is clamped at one end and loaded at the other end

(Fig. 1a) . The upper and lower beams have, respectively, Young’s moduli ( E 1 , E 2 ), Poisson’s ratios ( ν1 , ν2 ), and heights ( h 1 ,

h 2 ). The initial crack length along the interface between the two beams is designated as a . The end-loads, end-displacements,

and end-rotations are labeled as ( P 1 , �1 , θ1 ) and ( P 2 , �2 , θ2 ) for the upper and lower beams, respectively. 

Considering an infinitesimal section of the specimen (Fig. 1b) , the displacement fields in the upper and lower beams are

approximately 

u 1 (x, z 1 ) = u 10 − z 1 
d w 1 

, w 1 = w 1 (x, 0) , (1) 

dx 
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u 2 (x, z 2 ) = u 20 − z 2 
d w 2 

dx 
, w 2 = w 2 (x, 0) , (2)

where u i 0 ( i = 1 , 2 ) are the axial displacements at the neutral axis of each adherend, and w i are the lateral deflections of

each adherend. Here, following the classical Euler beam theory, we ignore the shear strain in the beams as well as Poisson’s

effect for the lateral displacement. As a result, the relative normal and tangential displacements between the bottom surface

of the upper beam and the top surface of the lower beam are 

δn = w 1 − w 2 and δt = u 1 b − u 2 t , (3)

respectively, with 

u 1 b = u 10 + 

h 1 

2 

d w 1 

dx 
, (4)

u 2 t = u 20 − h 2 

2 

d w 2 

dx 
. (5)

Note that, in this analysis, if there is an adhesive layer between the adherends, δn , δt would include the deformation of

the adhesive as well as those of the interfaces with the upper and lower beams. A scheme for subtracting out the deforma-

tion of any adhesive is discussed later. 

Having established the kinematics in Eqs. (1 –5) , differential equations for the normal and tangential displacements across

the interface can be derived (see details in Appendix A ) from equilibrium equations for the two linearly elastic beams. The

governing equation for the normal component is 

δn 
(4) = −

(
1 

D 1 

+ 

1 

D 2 

)
σ −

(
h 1 

2 D 1 

− h 2 

2 D 2 

)
τ ′ , (6)

while for the tangential component it is 

δ′′ 
t + 

(
P 1 h 1 

2 D 1 

+ 

P 2 h 2 

2 D 2 

)
+ 

(
h 2 

2 D 2 

− h 1 

2 D 1 

)∫ x 

0 

σdx = 

(
1 

A 1 

+ 

1 

A 2 

+ 

h 

2 
1 

4 D 1 

+ 

h 

2 
2 

4 D 2 

)
τ. (7)

These two equations are clearly coupled in the sense that the relative normal and tangential displacements between the

two interacting surfaces each depends on both the normal ( σ ) and shear ( τ ) components of the traction between the two

surfaces. The quantities ( A i , D i ) are the axial and bending stiffness of each beam as defined in Appendix A . Interestingly, Eqs.

(6 –7) can be decoupled if 
h 1 
D 1 

= 

h 2 
D 2 

. When this “balance” condition applies, the governing equations simplify to 

δn 
(4) = −

(
1 

D 1 

+ 

1 

D 2 

)
σ, (8)

and 

δ′′ 
t + 

(
P 1 h 1 

2 D 1 

+ 

P 2 h 2 

2 D 2 

)
= 

(
1 

A 1 

+ 

1 

A 2 

+ 

h 

2 
1 

4 D 1 

+ 

h 

2 
2 

4 D 2 

)
τ. (9)

Under the balance condition, a simple beam analysis (Appendix A) was used to obtain the normal and tangential crack

tip displacements in terms of the end loads, end displacements and rotations of each beam as 

δ∗
n = �1 − �2 − a ( θ1 − θ2 ) + 

a 3 

6 

(
P 1 
D 1 

− P 2 
D 2 

)
, (10)

and 

δ∗
t = 

1 

2 

( h 1 θ1 + h 2 θ2 ) − P h 1 a 
2 

4 D 1 

, (11)

where P = P 1 + P 2 . 

Moreover, under the balance condition, the normal and shear components of the J-integral are also decoupled

(Appendix A) and they can be obtained as 

J I = 

ˆ D 

(
P 1 
D 1 

− P 2 
D 2 

)
( θ1 − θ2 ) , (12)

and 

J II = 

ˆ A h 1 

4 D 1 

P ( h 2 θ2 + h 1 θ1 ) , (13)

where ˆ A ≡ ( 1 
A 1 

+ 

1 
A 2 

+ 

h 2 
1 

4 D 1 
+ 

h 2 
2 

4 D 2 
) −1 and 

ˆ D ≡ ( 1 
D 1 

+ 

1 
D 2 

) −1 . We note that the partition of the J-integral relies on the calcula-

tions of the crack-tip traction and separation in terms of the remote parameters (end force, displacement, and rotation) as

given by Eqs. (A .20) and (A .22) , which is made possible by the simple beam assumptions and the balance condition. 
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By definition, the components of the J-integral can be calculated with a contour along the interface ahead of the crack

tip (i.e., −∞ < x < 0 ) surrounding the entire cohesive zone as 

J I = 

∫ 0 

−∞ 

σ

(
d δn 

dx 

)
dx = 

∫ δ∗
n 

0 

σd δn , (14) 

and 

J II = 

∫ 0 

−∞ 

τ

(
d δt 

dx 

)
dx = 

∫ δ∗
t 

0 

τd δt . (15) 

Then, the normal and shear traction–separation relations can be determined by taking the derivatives, σ ∗ = 

d J I 
dδ∗

n 
and τ ∗ =

d J II 
dδ∗

t 
, using the respective values of the J-integrals and the crack tip displacements from Eqs. (10 to 13) based on measured

end loads and end displacements and rotations of each adherend. The total J-integral as the energy release rate for crack

growth is then, J = J I + J II , under the mixed-mode condition. We note that the tractions in general cannot be determined

by the derivatives of the total J-integral with respect to the corresponding crack-tip displacements due to coupling of the

traction–separation relations in the normal and shear directions under a mixed mode condition (Wu et al., 2016) . It is

the partition of the total J-integral into the two components as in Eqs. (12 –13) that allows the traction components be

determined simultaneously by the derivatives. 

To implement the proposed method, a custom loading device (Fig. 2a) was developed to conduct experiments using the

end-loaded split (ELS) and end-notched flexure (ENF) configurations (Fig. 2b) . In the ELS experiments, only the top adherend

is loaded, which means that P 2 = 0 and P = P 1 was measured by the load cell as shown in Fig. 2 c. In the ENF experiments,

�1 = �2 , and the total force P was measured. However, the calculation of the mode-I J-integral (Eq. 12) requires the in-

dividual end forces ( P 1 , P 2 ). While independent measurements of both could be made by adding a strain measurement on

the lower adherend, there was insufficient room to apply a strain gage to the specimen and strain gaging every specimen is

costly. On the other hand, it is relatively straightforward to measure the normal crack opening displacement (NCOD) using

the infrared crack opening interferometry (IR-COI) technique (Liechti, 1993; Gowrishankar et al., 2012) . With the measure-

ment of NCOD at the crack tip ( δ∗
n ), the end load on the top adherend of the ENF specimen can be obtained from (Eq. 10) as,

P 1 = 

ˆ D 

{ 

P 

D 2 

+ 

6 

a 3 
[ δ∗

n + ( θ1 − θ2 ) a ] 

} 

, (16) 

and Eq. (12) becomes 

J I = 

6 ̂

 D 

a 2 

[
( θ1 − θ2 ) 

2 + 

δ∗
n 

a 
( θ1 − θ2 ) 

]
. (17) 

2.2. Nominal mode-mix 

The ELS and ENF configurations, with equal adherends, only provide two mode-mix conditions. As indicated in the intro-

duction, the range of mode-mix can be greatly expanded by considering asymmetric configurations of each specimen while

maintaining the balance condition that decouples the differential equations for the normal and shear interactions between

the adherends. In particular, by using different materials for the bottom adherend of the sandwich specimens (Fig. 2b) , we

obtained nominal phase angles of mode-mix ranging from −53 ° to 87.5 ° (Fig. 3) for a silicon/epoxy interface in the present

study. 

The determination of mode-mix in laminated beam specimens has suffered from some ambiguity in the literature in the

sense that different methods ( Hutchinson and Suo, 1992 ; Williams et al., 1988 ) provide, in some situations, widely differing

values. At one end of the spectrum of the approaches (Hutchinson and Suo, 1992) , the definition of mode-mix is based on

the singular stress field around the crack front when linearly elastic fracture mechanics is applied. The other extreme arises

when the stress state is obtained from simple beam kinematics ( Williams et al., 1988 ). While the former is strictly applicable

to the cases of small-scale bridging, the latter may be a good approximation for large-scale bridging (Charalambides et al.,

1992) . Davidson et al., (1997) explored an alternative approach for determining mode-mix in delaminating composites. The

differences in all the approaches are currently being reconciled (Conroy et al., 2015) . Preliminary results indicate that this

ambiguity does not arise when the beams satisfy the balance condition (Wu, 2016) . 

Nevertheless, the approach that was taken here follows Hutchinson and Suo (1992) , with the viewpoint that the phase

angles of mode-mix are extracted as the nominal or global mode-mixes to form a point of reference for discussion. Further-

more, because the applied end loads and displacements are following proportional paths, the nominal mode-mix is fixed in

each ELS or ENF experiment. The data obtained from the experiments indicate that the local tractions and displacements

that develop in the cohesive zone are generally not proportional and the local mode-mix becomes complicated as damage

initiates and progresses (Sills and Thouless, 2013) . Thus in general, the nominal mode-mix does not predict the partition of

fracture energy at the crack tip. 
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Fig. 2. (a) Schematic of the loading device, (b) specimen configurations, and (c) side view of the apparatus. 
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Fig. 3. Nominal mode-mix phase angles obtained by varying Young’s modulus of the bottom adherend and its thickness simultaneously under the balance 

condition, with a silicon top adherend. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The semi-analytical approach (Hutchinson and Suo, 1992) recognizes the ELS and ENF specimens as bilayer structures

where the complex stress intensity factor can be written as 

K = h 1 
−iε 

(
1 − α

1 − β2 

)1 / 2 
( 

− C 2 M 3 √ 

2 h 

3 
1 
U 

− i e iγ
M 1 − C 3 M 3 √ 

2 h 

3 
1 
V 

) 

e iω , (18) 

where the detailed definition of the parameters is provided in Appendix B for completeness. 

For a range of values of E 2 and ν2 , the Young’s modulus and Poisson’s ratio of the bottom beam, with corresponding

values of h 2 required to maintain the balance condition established by the desire to maintain an upper adherend made of

silicon ( E 1 = 165 GPa and ν1 = 0 . 28 ) with a thickness of 1.0 mm ( h 1 ) for all the experiments conducted in this study, the

nominal mode-mix phase angles for the ELS and ENF configurations are obtained based on the complex stress intensity

factors in Eq. (18) as 

ψ = tan 

−1 

( 

Im 

(
K l iε 

)
Re 

(
K l iε 

)
) 

, (19) 

where l is taken to be 50 μm, equal to the thickness of the epoxy layer employed in the experiments. 

The semi-analytical solution in Eq. (18) essentially assumes the adhesive layer to be infinitesimally thin between the two

beams. The mode-mix phase angles obtained in this way are compared with those obtained using a finite element model

(Wu, 2016) that initially ignored the presence of the epoxy layer for purpose of comparison. The two sets of results are

in close agreement (Fig. 3) . A second set of finite element analyses was then conducted, considering an epoxy thickness

of 50 μm, the nominal value employed in all experiments. In this model, the crack is assumed to grow along the interface

between the upper beam (Si) and the epoxy, while the Young’s modulus and thickness of the lower beam are varied simul-

taneously according to the balance condition. Similar finite element analyses were conducted in Wu et al. (2016) , where the

epoxy thickness was varied in the ELS specimens to obtain different phase angles over a relatively small range. It can be

seen (Fig. 3) that the epoxy layer causes a slight shift in the phase angle for the ELS specimens, especially for the cases with

a lower beam that has a relatively high Young’s modulus. However, it does not have much effect on the ENF specimens. The

nominal mode-mix phase angles that were used in this study are summarized in Table 1 along with details of the properties

and thickness of the bottom adherend that were used. The epoxy thickness was well controlled with an average deviation
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Table 1 

Specimen details and mode-mix. 

Configuration Materials for bottom adherend Poisson’s ratio Young’s modulus E 2 (GPa) Thickness h 2 (mm) ψ ( ̊) with epoxy 

ELS Acrylic 0.3 3.4 6.97 −53.1 

ELS Glassy polymer 0.28 8 4.54 −39.8 

ELS Glass-filled polymer 0.29 16 3.21 −27.8 

ELS Aluminum 0.3 70 1.54 4.8 

ELS Copper 0.3 120 1.17 18.1 

ELS Silicon 0.28 165 1.00 27.0 

ELS Stainless steel 0.27 210 0.89 35.3 

ENF Aluminum 0.3 69 1.55 61.1 

ENF Copper 0.3 110 1.22 74.8 

ENF Silicon 0.28 165 1.00 87.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

of ± 5 μm that resulted in a deviation in the phase angle of approximately ± 1.5 °. By making use of both ELS and ENF speci-

mens, the nominal mode-mix obtained in this study spanned a wide range of phase angles from −53 ° to 87.5 °. For the ELS

specimen, it can be observed that the thickness of the bottom adherend increased as the Young’s modulus E 2 decreased.

For the case of an acrylic bottom adherend, the required thickness, which is the largest of all bottom adherends considered,

is slightly more than 1/10 of the initial crack length, reaching the upper limit for applicability of the simple beam theory.

At the opposite extreme, when E 2 exceeded 210 GPa (stainless steel), it became challenging to produce adherends with a

thickness below 1 mm. This was the main reason why the ENF configuration was selected to extend the mode-mix range to

the upper end of shear dominance (mode II). 

3. Experiment 

In this section, we describe the preparation of the specimens and the manner in which the experiments were conducted.

3.1. Specimen preparation 

All the specimens consisted of two beams joined by a layer of epoxy. All of the top beams and some of the bottom

ones were cut from n-type Si (111) wafers supplied by WRS Materials. The wafers were 50 mm in diameter and nominally

1 mm thick. They were polished on both sides to facilitate the use of IR-COI. An automatic dicer (Disco, model DAD 321)

was used for cutting wafers into 50 by 5 mm strips for the top adherend and the strips were then cleaned individually by

ultra-sonication in de-ionized water to remove any debris accumulated during dicing. To maintain the balance condition

while achieving different mode-mix phase angles, the bottom adherends were made out of different materials as listed in

Table 1 . For all specimens, the top adherend was coated with an Au/Pd thin film from one end of the strip to a length

of about 19.5 mm. The relatively low adhesion energy between Au/Pd coating and epoxy ( ∼0.07 J/m 

2 ) allowed an initial

crack to form with minimal damage before fracture of the silicon/epoxy interface. A two-component epoxy system (EP30,

Masterbond®) was used as the adhesive layer. The epoxy mixture was de-gassed in a vacuum chamber upon mixing. The

specimens were then cured at room temperature for 72 h. 

Two different lengths were prepared for the bottom adherends of the two experimental configurations (Fig. 2b) : 40 mm

for ELS and 50 mm for ENF. It should be noted here that, for the ENF specimen, a thin metal wire (copper) was used between

the top and bottom adherends in order to reduce the potential effect of friction (Carlson et al., 2011) between the fracture

surfaces of the upper and lower adherends. 

3.2. Measurements 

Schematics of the apparatus and the specimen geometry are shown in Fig. 2 . The loading device is a slightly modified

version of the one that was used previously (Wu et al., 2016) . In the ELS experiments, the end-displacement of the upper

beam was controlled at a rate of 1 μm/s based on the displacement sensor of the actuator. The same rate was applied for

the ENF experiments, where the end-displacement was the same for the upper and lower beams. 

In addition to the end load, the end displacements and rotations of each beam were measured in the present study. In

the ELS experiment (Fig. 2c) , the end rotation of the top adherend was measured by mounting a 45 ° mirror on the free

surface of the upper adherend right above the loading point. The mirror reflected an incident laser beam onto a position

sensing detector (PSD, Thorlabs, PDP90A). Given the distance L between the detector and the mirror, the end-rotation of

the silicon beam is related to the vertical movement ( �d ) in the detector as: θ1 = 

1 
2 arctan( �d/L ) . The resolution of the

end-rotation measurement is then estimated to be at ∼10 −4 rad for L = 10 mm and the PSD resolution at 1 μm. In order

to determine the end rotation of the lower adherend, a photonic sensor (MTI, KD-245) with a resolution of 100 nm was

placed at a distance a 0 behind the initial crack front to measure the deflection �20 of the lower adherend, with which

the end-rotation of the lower adherend was obtained approximately as θ2 ≈�20 / a 0 . This approximation is justified because

the lower adherend of the ELS specimen undergoes a rigid-body rotation from the initial crack front to the free end and the
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a b

c d

Fig. 4. Responses of an ELS specimen with silicon as the bottom adherend ( ψ = 27 ◦): (a) force–displacement response, (b) end-displacements, (c) end- 

rotation, and (d) normal and shear crack-tip displacements. 

 

 

 

 

 

 

 

 

 

 

 

 

deflection of the lower adherend at the location of the initial crack front was found to be negligible both experimentally and

numerically (see additional information in Supplementary Material). Similarly, the end displacement of the lower adherend

was obtained approximately by linear extrapolation as �2 = ( a/ a 0 ) �20 . The corresponding resolution for the crack-tip dis-

placements obtained from Eqs. (10) and (11) was about 100 nm. Error bars in these deduced crack-tip displacements are

shown to reflect this resolution (Fig. 4d) . 

For the ENF specimen, the end-rotation of the upper beam was measured in the same way as for the ELS specimen. In

order to determine the end rotation of the lower adherend, a photonic sensor (MTI, KD-245) was again used to measure the

deflection �20 of the lower beam at a distance a 0 behind the initial crack front, with which the end-rotation of the lower

adherend was obtained approximately as θ2 ≈ ( �2 − �20 ) / ( a − a 0 ) . This approximation is justified by placing the photonic

sensor close to the loading point so that a − a 0 is small. a As noted earlier, the normal crack-tip displacement of the ENF

specimen was measured by using the IR-COI technique, which has a resolution of 20 nm. On the other hand, the resolution

for the tangential crack-tip displacement obtained from Eq. (11) was about 100 nm. 

Classical crack opening interferometry was used to measure the normal crack opening displacement (NCOD) and crack

length as silicon is transparent to infra-red. The measured NCOD served as a validation of the extracted NCOD for the ELS
a Strictly, for the ENF specimen, the end rotation of the lower adherend can be determined as: θ2 = ( �2 − �20 ) / ( a − a 0 ) − P 2 ( a − a 0 ) 
2 / ( 6 D 2 ) , where 

the second term on the right-hand side is relatively small compared to the first term if a − a 0 is small. Supporting information can be found in the 

supplementary materials. 
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specimens. In the ENF experiments, the NCOD measurements were used to calculate the applied force for each beam at far

end of the specimens. This infrared crack opening interferometry (IR-COI) technique (Gowrishankar et al., 2012) essentially

uses the interference between the two rays reflected from the crack surfaces to determine the distance between them. The

normal infra-red incident beam (Fig. 2c) was provided using an infrared microscope (Olympus BH2-UMA) that was fitted

with an internal beam splitter and an IR filter (1040 ± 15 nm). The images of the region near the crack front were obtained

using a digital camera (Lumenera Corporation, Infinity 3) with a resolution of 1392 × 1040 pixels. The images were then

processed to determine the NCOD with a resolution of 20 nm. It should be noted here that, in this experiment, all data were

collected and synchronized within single Labview® control program. 

4. Results 

This section begins with a presentation of the basic data that was obtained from a symmetric ELS specimen with a

nominal mode-mix phase angle of 27 °. The basic data is then transformed into derived quantities of interest (J-integral,

crack tip displacements and traction–separation relations). The results of the experiments that were conducted at all the

other mode-mixes are then summarized and form the basis of further discussion. 

4.1. CTOD, J-integral, and TSRs 

The force versus applied end displacement response for an ELS specimen with silicon as the bottom adherend is shown

in Fig. 4 a. The response was initially linear and started to exhibit slightly nonlinear behavior after an applied displacement

of approximately 0.2 mm, as emphasized by the deviation from the dashed straight line. When the force was about to reach

its maximum, this nonlinear behavior became more significant. This portion of the nonlinear behavior is related to the

development of the cohesive zone ahead of the initial crack tip. The force then decreased from its peak value, indicating that

the cohesive zone had fully developed and steady-state crack growth ensued. A linear response was found for a subsequent

unloading, which had a lower stiffness, thereby confirming that crack extension had indeed occurred during the loading

segment. The corresponding variation in end-displacement ( �2 ) of the bottom adherend is shown in Fig. 4 b. The response

was again initially linear followed by a nonlinearly increasing portion as the cohesive zone developed and then a decreasing

portion during steady-state crack growth. Again, the response was linear for subsequent unloading. The end-rotation of the

top adherend responded linearly during both the loading and unloading processes (Fig. 4c) . 

The normal and shear components of the CTOD were obtained using Eqs. (10 –11) and are plotted (Fig. 4d) versus the

applied displacement. The error bars were obtained through an uncertainty analysis based on the resolutions of the position

sensing device and photonic sensor. The normal CTOD measured using IR-COI are also plotted for comparison/validation

purposes. It is observed that normal CTOD determined from global parameters and beam theory had a similar response to

those measured locally by IR-COI. Close agreement was observed from both the linear stage, the concurrent turning point

( �1 ∼ 0.2 mm), and the nonlinear stage. Especially in the linear stage, most of the IR-COI data fell within the error bar range

of the deduced normal CTOD results. This close agreement demonstrated the validity of the proposed method for obtaining

normal CTOD from far-field measurements. The normal CTOD reached 2.5 μm as the force reached its peak ( �1 = 0 . 4 mm ) .

The corresponding shear CTOD was much lower at the peak force. However, the shear CTOD was at the same level and even

higher than the normal CTOD in the earlier stage. This indicated that a non-proportional CTOD path was followed in the

cohesive zone in spite of the nearly proportional end displacements as applied up to the point of steady-state crack growth

(Fig. 4b) , suggesting that the damage processes for normal and shear interactions might have initiated at different points in

time. 

The calculated J-integrals for both normal and shear interactions using Eqs. (12 –13) are plotted against the applied end-

displacement and associated CTOD in Fig. 5 a and b. In the early stage of loading ( �1 < 0.1 mm), while the increments

in CTOD were small (Fig. 4d) , the corresponding J-integral values also increased slowly. The normal interactions reached

an elastic limit of around 1 J/m 

2 at �1 ∼ 0.2 mm, after which both the normal CTOD and J I increased more rapidly. The

shear interaction reached its elastic limit of ∼9 J/m 

2 much later at �1 ∼ 0.35 mm. The elastic limits are evident as the

inflection points when plotting the J-integrals versus CTODs in Fig. 5b . Both components of the J-integral reached their

steady-state values of 7.5 and 10 J/m 

2 simultaneously at �1 ∼ 0.4 mm. The normal and shear components of the interfacial

toughness are then obtained from the steady-state values of the J-integral components as �n and �t , and the total toughness

is � = �n + �t . It is interesting to observe that �t was greater than �n by almost 25% at the nominal phase angle of 27 °
under consideration. As noted earlier, the nominal phase angle does not predict the partition of fracture energy. It should

also be noted here that the estimated error in calculating the J-integrals was so small that the error bars are smaller than

the symbols shown in the figure. 

Upon taking the numerical derivatives of the J-integrals with respect to their respective CTOD, the resulting traction–

separation relations (TSRs) in both directions are obtained in Fig. 6 . In the normal traction–separation relation, an initially

stiffening response was observed. In the past, the response prior to the maximum traction has been commonly represented

by linearly elastic behavior (e.g., Sills and Thouless, 2013; Wu et al., 2016) . While time constraints have not allowed fur-

ther investigation to determine if the observed stiffening behavior was elastic, a stiffening response is certainly consistent

with rubber-like behavior and may relate to randomly oriented polymer chains in the epoxy interphase being increasingly

aligned normal to the interface as the loading is increased. The normal traction reached its peak at a normal separation of
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a

b

Fig. 5. Derived J-integrals for an ELS specimen with ψ = 27 ◦ . (a) J-integrals versus applied end displacement, and (b) J-integrals versus corresponding 

CTOD. 

 

 

 

 

 

 

 

approximately 0.13 μm which was larger than the values found in a previous work (Gowrishankar et al., 2012) , albeit with

a different epoxy. The peak strength was about 48 MPa, which was at the elastic limit of the epoxy (Na et al., 2015) used

in the present study. After the peak, the normal traction dropped abruptly and eased into a plateau with an average value

of about 2 MPa that ended at a normal separation of ∼2.5 μm. The descending traction followed a power-law type function

of separation, with a steeper decay than has been previously described by exponential functions (Gowrishankar et al., 2012;

Wu et al., 2016; Cao et al., 2016; Na et al., 2015) . The shear traction–separation relations had an essentially linear response

till the shear traction reached its peak ( ∼38 MPa) at a tangential separation of ∼0.54 μm. After the peak, the shear traction
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Fig. 6. (a) Normal and (b) shear traction–separation relations for an ELS specimen ( ψ = 27 ◦). 

 

 

 

 

 

 

 

 

 

 

 

dropped very rapidly to zero for a total shear interaction range of about 0.7 μm, much smaller than the range of the tensile

interaction. 

Considering the dissimilarities in the normal and shear traction–separation relations, the development of the separations

and tractions was examined in more detail (Fig. 7) . The normal and shear crack-tip displacements are compared in Fig. 7 a

where a short linear segment terminates at point 1 ©. After that, the normal CTOD remains nearly constant but the shear

CTOD continues increasing. This stage ends at point 2 ©, followed by more rapid growth in the normal CTOD while the shear

CTOD increases slightly. After point 3 ©, both components of the CTOD grow rapidly. The path taken in the J-integral space

(Fig. 7b) also consists of four distinguishable segments. Initially there is parity in the growth of the J-integral components,

followed by mode II dominance, then mode I dominance and ending with a jump in the mode II component. Apparently,

despite the globally proportional loading, the ratio J II /J I is not a constant along the path and is not predicted by the nominal

mode-mix as defined in Eq. (19) . The corresponding critical points were labeled in a plot of the two crack-tip tractions

versus applied end-displacement (Fig. 7c) . Between zero and point 1 ©, the response is almost linear for both tractions near
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Fig. 7. Development of (a) normal and shear components of crack tip displacements, (b) components of the J-integral, (c) normal and shear tractions at 

the crack tip, and (d) the path taken by the crack tip tractions ( ψ = 27 ◦). 

 

 

 

 

 

 

 

 

 

 

 

 

the original crack front. After point 1 ©, the normal traction increases much more rapidly than the linearly increasing shear

traction. Thereafter 2 ©, the normal traction decreases sharply while the shear traction continues increasing linearly. However,

following point 3 ©, the shear traction rapidly decays to zero simultaneously with the normal traction. Finally (Fig. 7d) , it

can be seen that path followed by the normal and shear tractions at the initial crack tip is by no means proportional.

Clearly, the two tractions reached their peaks at two different loading points, with the maximum normal traction at 2 ©
and the maximum shear traction at 3 ©. Therefore, the damage to the normal interaction started at 2 ©, while the shear

interaction remains undamaged until 3 ©. This is in sharp contrast with most damage-based cohesive zone models where a

single damage parameter is used for both the normal and shear interactions. Therefore, the damage processes in the normal

and shear interactions are not coupled in the manner assumed by using a single damage parameter. 

4.2. Mixed-mode effects 

The variation in normal and shear traction–separation relations with mode-mix is now considered with a view to gener-

alizing the results and examining some common representations of the mixed-mode interactions. 

First, the mode-mix dependence of the toughness as well as its normal and shear components obtained from the steady-

state J-integrals is shown in Fig. 8 . The total toughness ( � = �n + �t ) and the shear component ( �t ) both increased with

increasingly positive and negative mode-mix phase angles, exhibiting similar asymmetric behavior with respect to mode-

mix as noted previously for the toughness of glass/epoxy and sapphire/epoxy interfaces (Chai and Liechti, 1992 ; Liang and
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Fig. 8. Interfacial toughness versus phase angle of mode mix. The lines are polynomial fitting of the data. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Liechti, 1995 ; Swadener and Liechti, 1998; Mello and Liechti, 2006) . The normal component ( �n ) was essentially constant

over a wide range of phase angles from −53 ° to 40 ° and then dropped to zero for phase angles close to 90 °. This is consistent

with the previous observations in Chai and Liechti (1992) , Liang and Liechti (1995) , Swadener and Liechti (1998) , although

it was not possible to examine phase angles greater than 60 ° in the previous works due to crack branching effects. 

The normal component of the traction–separation relations extracted for lower mode-mix phase angles

( −53 ◦ < ψ < 30 ◦) are plotted in Fig. 9 a while results for higher values (30 °< ψ < 90 °) appear in Fig. 9 b. In preparation for

generalizing the normal traction–separation relations as a function of mode-mix, each of the extracted traction–separation

relations was fit to power laws of the form 

σ ( δn ) = 

{ 

σ0 

(
δn 

δn 0 

)α
, 0 < δn < δn 0 

σ0 

(
δnc −δn 

δnc −δn 0 

)βn 
, δn 0 < δn < δnc 

, (20)

where σ 0 is the normal strength, corresponding to the peak traction at the separation δn 0 , α and βn are the power law

exponents for the ascending and descending portions of the traction–separation relation. The range of normal interaction is

defined by the critical normal separation, δnc , beyond which the normal traction is set be zero. For each TSR, σ 0 and δn 0 are

determined first, and the exponent α for the ascending part is then obtained by fitting. For the descending part, the two

additional parameters, δnc and βn , are determined by fitting both the TSR and the normal component of toughness (Fig. 8) .

Following Eqs. (14) and (20) , the normal component of toughness is obtained as 

�n = 

∫ δnc 

0 

σ ( δn ) d δn = σ0 

[
δn 0 

1 + α
+ 

δnc − δn 0 

1 + βn 

]
. (21)

The implication of Eq. (21) is that δnc can be determined for each βn if the other parameters ( σ 0 , δn 0 
, α, and �n ) are

known. 

The fitting parameters for the normal traction–separation relations are plotted as a function of the mode-mix phase angle

(Fig. 10) and the actual values are given in Table 2 . The three parameters, σ 0 , δn 0 
and α, were all essentially independent of

mode-mix. This observation suggested that the ascending part of the normal TSR is independent of mode-mix, for which the

three parameters could be averaged over all mode-mix and used thereafter. Following this idea, the average normal strength

was found to be 42.63 MPa, δn 0 was 120 nm, and α was 4.5. The other two parameters, δnc and βn , depend on mode-mix

(Fig. 10c, d) , where it can be seen that the largest normal interaction range was 2.7 μm followed by a noticeable decrease

for mode-mix angles greater than 30 °. It is near this mode-mix that shear interaction begins to dominate to such an extent

that full slip has occurred before the normal tractions can fully develop. Interaction ranges at the micron level are clearly

longer ranging than van der Waals or molecular interactions and are more likely associated with molecular pull out and/or
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b

Fig. 9. Normal traction–separation relations for (a) low and (b) high mode-mix values. 

 

 

 

 

 

ligament formation. Although the fracture surfaces were not examined to the same degree as in the past, there is plenty

of precedent for such ligament formation (Swadener et al., 1998 and 1999) at glass/epoxy interfaces. For the lower mode-

mix phase angles ( −53 ◦ < ψ < 30 ◦) , βn and δnc are nearly constant, with average values of 14 and 2.5 μm, respectively. As

a result, the normal TSR may be treated as independent of mode-mix over this range (TSR1 in Fig. 9) . For higher mode-

mix phase angles (30 °< ψ < 90 °), both βn and δnc drop rapidly, leading to shorter interaction ranges and lower normal

components of toughness. 
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Fig. 10. Variation, over the range of mode-mixes considered, of the (a) strength and elastic range, (b) power-law exponent α, (c) interaction ranges and 

(d) descending power-law exponent of the normal traction–separation relations for tensile interactions between silicon and epoxy. 

Table 2 

Fitting parameters for the normal traction–separation relations. 

ψ ( ̊) �n (J/m 

2 ) σ 0 (MPa) δn 0 (nm) α βn δnc (nm) 

−53.1 7.231 42.00 108 4.10 15.57 2680 

−39.8 7.262 38.92 114 4.58 14.75 2700 

−27.8 7.743 39.00 110 4.68 13.74 2780 

4.8 6.420 41.17 117 4.70 15.55 2420 

18.1 7.690 47.35 123 4.56 13.29 2350 

27.0 7.510 47.14 130 4.65 12.92 2080 

35.3 7.062 42.85 112 4.50 11.04 1850 

61.1 4.291 46.84 130 4.45 5.64 580 

74.8 3.853 44.84 132 4.30 0.28 210 

Average N/A 42.63 120 4.50 N/A N/A 

 

 

 

 

The shear traction–separation relations for all mode-mix phase angles are presented in Fig. 11 . In all cases, the ascending

parts were almost linear, albeit with slightly different slopes. The peak traction or the shear strength ( τ 0 ) increased as

the mode-mix increased. The peaks were followed by much sharper decays than were observed for the normal traction–

separation relations, emphasizing that damage evolution was different under tension and shear. This is in contrast to most

previous representations of mixed-mode traction–separation relations, where damage evolution is described by the same

damage parameter for both tension and shear interactions. 
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Fig. 11. Shear traction–separation relations for all mode-mix angles; (a) measurements only, (b) measurements (symbols) with fitting lines. 

 
Each of the shear traction–separation relations was fit to a functional form with a linear ascending part followed by a

power-law descending part, namely 

τ ( δt ) = 

{
k t δt , 0 < δt < δt0 

k t δt0 

(
δtc −δt 

δ −δ

)βt 
, δt0 < δt < δtc 

, (22) 

tc t0 
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Table 3 

Fitting parameters for the shear traction–separation relations. 

ψ ( ̊) �t (J/m 

2 ) k t (MPa/μm) δt 0 (nm) β t δtc (nm) f t = δt0 / δtc 

−53.1 12.523 50.602 698 41.73 931 0.75 

−39.8 8.353 52.354 610 33.20 772 0.79 

−27.8 2.731 57.934 305 35.25 391 0.78 

4.8 0.542 58.0 0 0 133 48.87 185 0.72 

18.1 2.420 62.310 265 53.77 379 0.70 

27.0 10.041 62.300 529 48.44 734 0.72 

35.3 11.524 53.059 746 41.72 995 0.75 

61.1 17.315 58.035 765 31.21 956 0.80 

74.8 21.611 52.0 0 0 886 33.30 1122 0.79 

87.5 30.511 51.462 1040 51.08 1465 0.71 

Average N/A 55.8 N/A 41.86 N/A 0.75 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where k t is the initial stiffness, δt 0 is the shear separation at the peak shear traction, δtc is the range of the shear interaction,

and β t is the power law exponent for the descending part. The fitting parameters of the extracted shear traction–separation

relations are listed in Table 3 as a function of mode-mix. For the initial stiffness ( k t ), there was no consistent trend with

mode-mix and the variation appeared to be small. In fact, the average value of the initial stiffness is 55.8 MPa/μm, with a

coefficient of variation of 8%. Consequently, the mean value may be used as the initial stiffness ( k t = 55 . 8 MPa /μm ) for all

the shear traction–separation relations. The separation δt 0 corresponds to damage initiation for the shear interactions, which

increased with increasing mode-mix. The shear strengths were then recomputed from the measured δt 0 as τ0 = k t δt0 , with

k t = 55 . 8 MPa /μm . The difference between the recomputed and original values was less than 8%. 

Similar to the normal traction–separation relations, the two descending parameters, δtc and β t , were determined by

fitting both the shear traction–separation relations and the shear component of toughness (Fig. 8) . Following Eqs. (15) and

(22) , the shear component of toughness is obtained as: 

�t = 

∫ δtc 

0 

τ ( δt ) d δt = k t δ
2 
t0 

[
1 

2 

+ 

( f t ) 
−1 − 1 

βt + 1 

]
, (23)

where f t = δt0 / δtc . The average value of β t for all mode-mix values was 41.86 with a coefficient of variation of 2%, which

describes a sharp descending stage of the shear traction. It was interesting to note that the ratio between δt 0 and δtc was

nearly independent of mode-mix, with an average of 0.75 and a coefficient of variation of 5%. Thus, it is reasonable to take

this ratio as a constant ( f t = 0 . 75 ) for all the shear traction–separation relations. Therefore, using the average values for

k t (55.8 MPa/μm), β t (41.86), and f t (0.75), the shear component of toughness is proportional to δ2 
t0 

, while both the shear

strength τ 0 and the range of shear interaction δtc are proportional to δt 0 or 
√ 

�t . A comparison between the extracted shear

traction–separation relations and the fitting embodied in Eqs. (22 )–( 23 ) revealed (Fig. 11b) that there was close agreement

in both the ascending and descending portions of the shear traction–separation relations in all cases. Thus Eq. (22) provides

a suitable representation for the shear traction–separation relations of the silicon/epoxy interface for all values of mode-mix

between −53 ° and 87.5 °. 

4.3. Discussion 

The extracted mixed-mode traction–separation relations are different from previous models that have been implemented

for numerical simulations using commercial finite element packages such as ABAQUS. In order to conduct finite element

analyses of the experimental configurations with the extracted traction–separation relations for the purposes of increasing

insight and checking on internal consistency, a user-defined finite element subroutine (UEL) was programmed as a cohesive

element within ABAQUS, following the approach by Rahul-Kumar et al. (1999) , Song et al. (2008) , and Alfano et al. (2007) .

The UEL formulation and implementation details are summarized in Appendix C . 

The case that is considered in detail here is the symmetric ELS specimen, beginning with the stress contours at the peak

force (Fig. 12a) . At this moment, the cohesive zone had almost fully developed ahead of the initial crack tip when both

the traction components became zero at the initial crack tip ( x = 0 ) and the interfacial crack was about to grow in steady-

state. The tractions along the interface ( x < 0) ahead of the crack tip indicate the normal and shear interactions within the

cohesive zone, which has a size of about 10 0 0 μm. The maximum normal traction did not occur at the same location as

that of the maximum shear traction. This is a consequence of the manner in which damage initiated and developed in

the normal and shear interactions encoded in the implementation of the extracted traction–separation relations. The peak

normal traction occurred ahead of the original crack tip by 650 μm whereas the peak shear traction was very close to the

initial crack tip. Under pure mode I conditions, it is common to define the end of the cohesive zone as the location where

the normal traction transitions from tension (positive) to compression (negative). If this idea is pursued here, then the end

of the cohesive zone is co-located in tension and shear, in spite of the fact that the locations of the maximum tractions are

not the same. The distributions of the normal and shear separations (Fig. 12b) in the cohesive zone are quite regular and do

not suffer from any ambiguity. 
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a

b

Fig. 12. (a) Traction and (b) separation distributions along the interface for an ELS specimen with silicon as the bottom adherend ( ψ = 27 ◦) , obtained 

from finite element simulation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We compared the numerical solutions for force, end displacement and end rotation with measurements as a consistency

check. Close agreement was found with these global quantities (Fig. 4a–c) . We also compared the normal and shear CTODs

(Fig. 4d) from the finite element solution with those obtained from the proposed deduction scheme (Eq. 10) . The normal

and shear components of the J-integral (Fig. 5) obtained from the finite element solution were also consistent with those

based on measurements. From this favorable comparison of both far-field and local measurements, the proposed scheme for

extracting traction–separation relations is considered to be validated. Nonetheless, a second, arguably stronger, validation

analysis was conducted of the same loading condition with a completely different set of traction–separation relations (Wu

et al., 2016) , suitably interpolated for a mode-mix of 27 °, as input for the properties of the interface. The data from the

finite element solution was processed in the manner proposed in this paper. The input and extracted normal and shear

components of the traction–separation relations were in excellent agreement (Fig. S16). 

The paths that the crack tip displacements followed ( δ∗
t versus δ∗

n ) for a given mode-mix as the applied displacement

was increased at a constant rate are shown in Fig. 13 a. In all cases, the response was not proportional and the shear CTOD

initially increased much more quickly than the normal component. At higher load levels and lower mode-mix angles ( < 27 °),
the steep rise in shear displacements transitioned to a plateau-like response where the normal components increased while

the shear remained essentially constant. Such a transition did not develop for phase angles greater than 61.1 °, where the

shear CTOD was dominant. For phase angles of 27 °, 18.1 ° and 4.8 °, the plateau was followed by a faster increase in shear

displacement. It did not appear to be possible to convert these observations into a unifying condition. 

The paths followed in J II − J I space are shown in Fig. 13b . For low phase angles, the paths were quite linear, all the way to

the terminal state on each path corresponding to the steady state condition. The same was true for ψ = 87 . 5 ◦. In between

these extremes, the responses were bilinear with the initial slope becoming steeper as the phase angles increased. In fact,
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a

b

Fig. 13. Development of mode-mix in terms of (a) CTOD and (b) and J-integrals. In both cases, symbols represent the paths that were followed to failure, 

whose envelopes are approximately traced by the red dashed lines. The numerical results are shown in thin solid and dashed lines. The fitting with (Eq. 

24) is shown as the thick solid line in (b). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 

this article.) 

 

 

 

 

 

for ψ ≥ 61 °, the initial slope was essentially infinite. In these cases, the value of J II at which the slope transitioned to a mode

I dominant condition increased with increasing phase angle. The J II − J I envelope for the transition to steady state followed

the dashed red line. Again, it did not appear to be possible to convert these observations into a unifying condition. However,

the relationship between the normalized J-integral components approximately followed the familiar form: (
J I 

�nc 

)λ

+ 

(
J II 
�tc 

)λ

= 1 , (24)

where λ = 1 . 6 provided the best fit with �nc = 7 . 3 J / m 

2 (which is the average value for ψ ≤ 30 °) and �tc = 30 . 5 J / m 

2 (which
is the maximum shear toughness value for ψ = 87 . 5 ◦), as illustrated by the red solid line in Fig. 13b . 
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The traction–separation relations extracted using the simple beam analysis ignored the presence of an epoxy layer be-

tween the two beams. As a result, the extracted separation includes the separation due to the deformation of the epoxy

layer, leaving open the question as to how much of the extracted separation is due to the separation of the two interfaces

and how much is due to the epoxy. In doing so, it is recognized that it is likely that a thin interphase layer forms in the

epoxy next to the silicon. This interphase is expected (Sharpe, 1972) and has been shown to have mechanical and fracture

behavior that differs from those of the bulk epoxy (Rakestraw et al., 1995) . Thus it is possible that any extracted interfacial

behavior could be attributed to that of the interphase region. 

In developing the analysis to separate out the bulk and interfacial deformations, the contribution of the bulk behavior of

the epoxy to the total separation was assumed to be elastic with a Young’s modulus of 2 GPa and a Poisson’s ratio of 0.35.

The maximum normal traction was similar to the yield strength of the epoxy (Na et al., 2015) , so any yielding in the epoxy

is expected to be small, given the sharp decay in traction (Fig. 9) . The contribution was determined by first conducting a

finite element analysis of two silicon strips with the corresponding extracted traction–separation relation between them. At

steady state growth, this analysis established the full extent of the cohesive zone and the distribution of the tractions acting

over it. They were then applied to the top of a 50 μm-thick strip of epoxy (Fig. 14a) , thereby matching the nominal thickness

of the epoxy in the experiments. The bottom of the epoxy strip was fixed in both directions. 

The applied traction profiles are shown in Fig. 14 b. The resulting normal and shear deformations ( δne , δte ) along the top

surface of the epoxy layer are shown in Fig. 14 c. As expected the maximum normal and tangential deformations in the

epoxy coincided with the corresponding peak tractions. The interfacial separations were obtained by subtracting the epoxy

deformations (Fig. 14c) from the distribution of extracted separations shown in Fig. 12 b. The resulting traction–separation

relations for the silicon/epoxy interface at a nominal mode-mix of 27 ° are shown in Fig. 15 . After removing the elastic re-

sponse of the epoxy layer in the cohesive zone, the ascending part of the normal traction–separation relation has a much

higher stiffness. The initial normal separation ( δ
n 0 

) was reduced to 60 nm, which is about half the original value. The effect

of the epoxy layer on the descending portion of the traction–separation relation becomes less noticeable as the traction

drops. In the tangential direction, the linearly ascending portion of the response became slightly nonlinear as the traction

reached its peak value. The shear interaction range dropped slightly from 0.78 to 0.74 μm, indicating that the shear defor-

mation in the epoxy at this mode-mix was relatively minor. Similar behavior was found for all the other mode-mix phase

angles (see Figs. S5–S13 in supplementary materials). 

It has been shown (Sills and Thouless, 2013 and 2015) that, in laminated beam configurations under large-scale bridging

conditions, the mode-mix in the cohesive zone varies as it develops. In the present study, large-scale bridging was indeed

operative in that the steady state cohesive zone sizes were ∼1 mm, many times larger than the 50 μm-thick epoxy layer.

The crack tip displacements (Fig. 7a) , J-integral components (Fig. 7b) and crack tip tractions (Fig. 7d) , all followed nonlinear

paths during the development of the cohesive zones. Thus the loading paths in laminated beam specimens under large-

scale bridging conditions do not conform to the purely displacement or stress-controlled protocols considered by McGarry

et al. (2014) , who considered the consequences of developing traction–separation relations using potential or non-potential

approaches. Nonetheless, the data obtained here for a silicon/epoxy interfaces does provide some insights, listed below, into

the applicability of potential and non-potential approaches and on some experimental issues: 

• The main difference between potential and non-potential approaches manifests in loading path-dependency (McGarry 

et al., 2014 ; Máirtín et al., 2014) . Path independence is the hallmark of the potential-based approach. The traction–

separation relations for the silicon/epoxy interface considered in this work exhibited significant loading path-dependency,

thereby promoting the applicability of the non-potential approach for this interface, which typically incorporates the

concept of damage development. 

• For models based on damage development, a common damage function is usually assumed for both normal and shear

traction–separation relations (Alfano and Crisfield, 2001; Alfano and Sacc, 2006; Camanho and Dávila, 2002) . This avoids

the possibility of negative energy dissipation under the assumption that the local mode-mix remains constant. However,

different damage processes are clearly evident in the normal and shear traction–separation relations extracted here and

the local mode-mix is far from being constant. Consequently, subsequent theoretical developments should be directed at

accounting for such possibilities. 

• For the silicon/epoxy interface considered here, the failure envelopes based either on crack tip displacements or J-integral

components (Fig. 13) are more complex than the commonly assumed convex form. This is a reflection of the different

forms of the traction–separation relations in tension and shear, the differences in their strengths and interaction ranges

and the rates at which damage develops in each case. That said, it should be noted that the normal and shear tractions

simultaneously dropped to zero at the initial crack tip as the cohesive zone became fully developed. 

• While it may be possible, but nonetheless challenging, to exert local crack tip displacement control in biaxial loading

configurations (Mello and Liechti, 2004) , it will be a lot more challenging in laminated beam configurations, where the

structure itself plays a role in the development of the cohesive zone and the local mode-mix. A complex control system

would have to be developed to determine ( δ∗
n , δ

∗
t ) from (Eqs. 11 –12) using measurements of loads, load point displace-

ments and rotations as well as crack length and then control them via feedback on the load point displacements ( �1 ,

�2 ). 

• Using the balance condition to avoid coupling between the equations (Eqs. 8 –9) governing normal and shear interactions

has proven to be quite valuable in providing new insights into the development of cohesive zones under mixed-mode
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a

b

c

Fig. 14. Extracting the deformation of the epoxy in the cohesive zone. (a) Illustration of the reduced boundary value problem with (b) the tractions applied 

and (c) the surface displacement profiles of the epoxy layer ( ψ = 27 ◦) . 
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Fig. 15. Traction–separation relations at ψ = 27 ◦ before and after subtraction of the epoxy deformation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

loading. That is not to say that there was no coupling for this silicon/epoxy interface; the very fact that the extracted

traction–separation relations depended on mode-mix indicates coupling and the approach proposed here appears to have

been very effective in establishing it. 

5. Conclusions 

A simple beam analysis has been developed that accounts for the normal and shear interactions between the surfaces of

two beams that have been brought into contact. The differential equations for the relative normal and tangential displace-

ments between the interacting surfaces are generally coupled in the sense that the relative normal and shear displacements

between the interacting surfaces each depend on both the normal and shear components of the traction between the two

surfaces. The main thrust of this paper is that the coupling terms can be eliminated by making sure that the bending stiff-

ness and height of the two beams satisfy the balance condition, 
h 1 
D 1 

= 

h 2 
D 2 

. It is further noted that, when this condition is

satisfied, the normal and shear components of the J-integral and the crack tip displacement could be obtained from mea-

surements of the remotely applied load and load point displacement and rotation of each beam. Then, taking derivative of

each component of the J-integral with respect to its associated crack tip displacement simultaneously provided both normal

and shear traction–separation relations at any value of the applied mode-mix. 

The normal and shear traction–separation relations of a silicon/epoxy interface were obtained at ten different mode-

mixes by making use of ELS and ENF specimens whose upper beam was always silicon. A variety of materials were used for

the lower beam, with the thickness adjusted to satisfy the balance condition. This approach provided nominal mode-mix

phase angles that ranged from −53 ° to 87.5 °, as determined by linear elastic fracture mechanics (Hutchinson and Suo, 1992) .

Although the authors feel that it was beyond the scope of this study to investigate the issue of ambiguity in determining

the mode-mix in laminated beams noted by others (Conroy et al., 2015) , preliminary indications are that it does not arise

when the balance condition is satisfied, even under large scale bridging. 

The fracture toughness of the silicon/epoxy interface increased with increasing positive and negative shear component in

accordance with previous results for epoxy interfaces with silicon, glass and sapphire. The normal component of the fracture

toughness had an average value of 7.3 ± 0.5 J/m 

2 , for mode-mix phase angles below 35.3 ° and dropped to zero thereafter.

Thus the increase in toughness with increasing shear was driven by the shear behavior of the interface with a maximum

value of 30.5 J/m 

2 under nominally pure shear ( ψ = 87 . 5 ◦). The normal and shear components of traction–separation rela-

tions were extracted at each mode-mix. In accordance with the fracture toughness result, the normal traction–separation

relations were essentially the same for mode-mixes below 35.3 °, with an average strength of 42.6 ± 3.8 MPa and interaction

range of 2.4 ± 0.3 μm. The damaging portion of the normal traction–separation relation followed a power law with an ex-

ponent of 14.3 ± 1.15. The shear traction–separation relations had an average stiffness of 55.8 ± 4.5 MPa/μm, with strengths

varying from 7.7 MPa under approximately mode I conditions to 53.5 MPa at pure shear (mode II). The corresponding shear

interaction ranges were 0.2 and 1.5 μm. The average power law exponent for the damaging portion of the traction–separation

relations was 41.86. 
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The extracted separation values contained both the deformation of the epoxy and the silicon/epoxy interfaces. The former

was estimated in a finite element analysis of a strip of epoxy with a nominal thickness of 50 μm that was subjected to the

determined tractions acting over the length of a fully developed cohesive zone. The normal and shear strains in the bulk

epoxy were less than 0.2%, so the behavior of the silicon/epoxy interface was similar to the extracted traction–separation

relations except that the interface was stiffer in tension and shear. The strengths and interaction ranges remained the same.

The behavior of the silicon/epoxy interface that has been obtained in this study was compared with traction–separation

relations derived from potential and damage based approaches. The basis of comparison was the paths followed in J II − J I ,

δ∗
t − δ∗

n and τ ∗ − σ ∗ spaces. While the global mode-mix path was constant in each experiment, the paths followed in all

three measures were nonlinear and varied from one mode-mix to another. This ruled out the applicability of traction–

separation relations based on potentials because traction–separation relations based on potentials are independent of the

loading path. Many damaged-based traction–separation relations assume that the normal and shear components have the

same initial stiffness and damage behavior so that any differences in normal and shear traction–separation relations can

only arise in the strength and interaction range. This was not the case for this silicon/epoxy interface, where the initial stiff-

ness and damage evolution of the two components of the traction–separation relations were notably different. Furthermore,

the failure envelopes in J II − J I and δ∗
t − δ∗

n spaces did not have the convex nature that has often been assumed. Although

the comparison being made here is only based on the behavior of one interface, it is nonetheless hoped that the unique

nature of the data will provide more food for thought in developing theoretical approaches that can accommodate some of

the behavior that has been captured here. 
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Appendix A. A simple beam analysis 

A.1. Constitutive relation 

Assuming linearly elastic and isotropic constitutive relations in both the top and bottom beams, we have the force- and

moment-displacement relationships as 

N i = A i 

d u i 0 

dx 
, M i = D i 

d 2 w i 

d x 2 
, A i = 

E i h i 

1 − v i 2 
, D i = 

E i h i 
3 

12(1 − v 2 
i 
) 
, (A.1)

where, for each beam ( i = 1 , 2 ) , N i and A i are the axial force and stiffness, M i and D i are the bending moment and stiffness,

v i and h i are the Poisson’s ratio and thickness. 

A.2. Equilibrium equations 

Considering an infinitesimal element for each beam as shown in Fig. 1 b, the force and moment equilibrium requires that

d N 1 

dx 
= τ and 

d N 2 

dx 
= −τ, (A.2)

d Q 1 

dx 
= −σ and 

d Q 2 

dx 
= σ, (A.3)

d M 1 

dx 
= Q 1 + 

h 1 

2 

τ and 

d M 2 

dx 
= Q 2 + 

h 2 

2 

τ, (A.4)

where Q i is the shear force acting on each beam element, and σ , τ are the normal and shear tractions along the interface

between the two beams. 

A.3. Governing equations for the interface 

Taking the second and first derivatives of the relative normal and shear displacements in Eq. (3) , respectively, we obtain

the governing equations for the interface as follows: 

δ′′ 
n = w 

′′ 
1 − w 

′′ 
2 = 

M 1 

D 1 

− M 2 

D 2 

, (A.5)

http://dx.doi.org/10.13039/100000001
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δ′ 
t = 

N 1 

A 1 

− N 2 

A 2 

+ 

h 1 

2 D 1 

M 1 + 

h 2 

2 D 2 

M 2 . (A.6) 

The second derivative of δt can be obtained from Eq. (A.6) along with Eqs. (A.2) and (A.4) , yielding 

δ′′ 
t −

(
h 1 

2 D 1 

Q 1 + 

h 2 

2 D 2 

Q 2 

)
= 

(
1 

A 1 

+ 

1 

A 2 

+ 

h 

2 
1 

4 D 1 

+ 

h 

2 
2 

4 D 2 

)
τ. (A.7) 

For the laminated beam specimen, Eq. (A.3) can be integrated to obtain the shear forces in terms of the normal traction

and the applied forces at the loading end, with which Eq. (A.7) becomes 

δ′′ 
t + 

(
P 1 h 1 

2 D 1 

+ 

P 2 h 2 

2 D 2 

)
+ 

(
h 2 

2 D 2 

− h 1 

2 D 1 

)∫ x 

0 

σdx = 

(
1 

A 1 

+ 

1 

A 2 

+ 

h 

2 
1 

4 D 1 

+ 

h 

2 
2 

4 D 2 

)
τ. (A.8) 

By applying the balance condition, 
h 1 
D 1 

= 

h 2 
D 2 

, we eliminate the coupling with the normal traction in Eq. (A.8) so that 

δ′′ 
t + 

h 1 

2 D 1 

P = 

(
1 

A 1 

+ 

1 

A 2 

+ 

h 

2 
1 

4 D 1 

+ 

h 

2 
2 

4 D 2 

)
τ, (A.9) 

where P = P 1 + P 2 . 

Next, the fourth derivative of the normal separation δn can be obtained from Eq. (A.5) along with Eqs. (A.2 –A.4) as 

δn 
(4) = −

(
1 

D 1 

+ 

1 

D 2 

)
σ −

(
h 1 

2 D 1 

− h 2 

2 D 2 

)
τ ′ . (A.10) 

Again, when the condition 

h 1 
D 1 

= 

h 2 
D 2 

is met, we eliminate the coupling with the shear traction in (A.10) and obtain the

simple relationship 

σ = − ˆ D δn 
(4) 

, (A.11) 

where ˆ D ≡ ( 1 
D 1 

+ 

1 
D 2 

) −1 . Therefore, the governing equations for the normal and shear interactions are decoupled in (A.9) and

(A.11) under the balance condition, 
h 1 
D 1 

= 

h 2 
D 2 

. 

A.4. Crack-tip displacements and J-integrals 

To the right of the initial crack tip (0 < x < a ), the shear traction is zero so that (Eq. A.9) can be integrated to obtain 

δt 
′ = 

h 1 

2 D 1 

P (a − x ) . (A.12) 

Note that by (Eq. A.6) δ′ 
t = 0 at x = a because both the axial forces and bending moments are zero at the end of the

beams. The first derivative of the shear displacement at the crack tip ( x = 0 ) is then 

δ′∗
t = 

h 1 

2 D 1 

P a. (A.13) 

Integrating (A.12) , we obtain the relative shear displacement at the crack tip as 

δ∗
t = δt ( x = a ) − P h 1 a 

2 

4 D 1 

. (A.14) 

Since the axial forces are zero for 0 < x < a , the relative shear displacement at the loading end of the beams is approx-

imately, δt (x = a ) ≈ 1 
2 ( h 1 θ1 + h 2 θ2 ) , where θ1 , θ2 are the end-rotations of the top and bottom beams, respectively. The

stretching is relatively small due to the limited shear interactions in the small cohesive zone. With this approximation,

(Eq. 11) is obtained for the relative shear displacement at the crack tip. On the other hand, if the relative shear displace-

ment at the loading end can be measured accurately, Eq. (A.14) should be used instead of Eq. (11) . In the present study,

δt (x = a ) was not measured and (Eq. 11) was used as a reasonable approximation. 

Similarly, to the right of the initial crack tip (0 < x < a ), the governing equation for the relative normal displacement in

(A.5) becomes 

δ′′ 
n = 

(
P 1 
D 1 

− P 2 
D 2 

)
( a − x ) , (A.15) 

which can be integrated to obtain the normal crack tip opening displacement as given in Eq. (10) and the derivatives 

δ′∗
n = θ1 − θ2 − a 2 

2 

(
P 1 
D 1 

− P 2 
D 2 

)
, (A.16) 



C. Wu, R. Huang and K.M. Liechti / Journal of the Mechanics and Physics of Solids 125 (2019) 225–254 251 

 

 

 

 

 

 

 

 

 

 

 

 

δ∗( 2 ) 
n = a 

(
P 1 
D 1 

− P 2 
D 2 

)
, (A.17)

δn 
∗(3) = −

(
P 1 
D 1 

− P 2 
D 2 

)
. (A.18)

Therefore, by Eqs. (10) and (11) , both the normal and tangential crack-tip displacements can be determined from the

measurements at the loading ends of the beams including the loads ( P 1 and P 2 ), displacements ( �1 and �2 ) and rotations

( θ1 and θ2 ). The derivatives in (A.13) and (A.16 –A.18) are used to calculate the J-integral components as follows. 

By Eq. (A.9) , the shear traction in the cohesive zone ( x < 0) can be written as 

τ = 

ˆ A 

[
δt 

′′ + 

h 1 

2 D 1 

P 

]
, (A.19)

where ˆ A ≡ ( 1 
A 1 

+ 

1 
A 2 

+ 

h 2 
1 

4 D 1 
+ 

h 2 
2 

4 D 2 
) −1 . We calculate the shear component of the J-integral as 

J II = 

∫ δ∗
t 

0 

τd δt = 

ˆ A 

∫ δ∗
t 

0 

[
δ′′ 

t + 

P h 1 

2 D 1 

]
d δt 

= 

ˆ A 

∫ δ∗
t 

0 

(
δ′ 

t 
∂ δ′ 

t 

∂ δt 
+ 

P h 1 

2 D 1 

)
d δt 

= 

ˆ A 

2 

[(
δ∗

t 
′ )2 + 

P h 1 

D 1 

δ∗
t 

]
, (A.20)

where we assume that both the shear displacement and its first derivative are zero at the clamped end ( x → −∞ ). Substi-

tuting Eq. (A.13) and (11) into Eq. (A.20) , we obtain a simplified expression for J II , namely 

J II = 

ˆ A h 1 

4 D 1 

P ( h 2 θ2 + h 1 θ1 ) , (A.21)

which is Eq. (13) in the main text. 

Similarly, with Eq. (A.11) , the normal component of the J-integral is calculated as 

J I = 

∫ δ∗
n 

0 

σd δn = − ˆ D 

∫ δ∗
n 

0 

δn 
(4) 

d δn 

= − ˆ D 

{[ 
δn 

(3) δn 
′ 
] ∣∣∣x =0 

x = −∞ 

−
∫ δ∗′ 

n 

0 

δn 
′′ ∂ δn 

′′ 

∂ δn 
′ d δn 

′ 
}

= 

ˆ D 

[ 
1 

2 

(
δn 

∗(2) 
)2 − δ∗

n 
(3) δ∗

n 
′ 
] 
, (A.22)

where δ∗
n 
′ , δ∗

n 
(2) and δ∗

n 
(3) are the first, second, and third derivatives of the normal crack opening displacement at the initial

crack tip ( x = 0 ). Again, we assume that the relative normal displacement and its derivatives are zero at the clamped end

( x → −∞ ). 

Substituting Eqs. ( A .16 –A .18) into Eq. ( A.22) , the normal component of the J-integral is obtained as 

J I = 

ˆ D 

(
P 1 
D 1 

− P 2 
D 2 

)
( θ1 − θ2 ) , (A.23)

which is Eq. (12) in the main text. 

Appendix B. Parameters for nominal mode-mix 

Following Hutchinson and Suo (1992) , the parameters in Eq. (18) are defined and obtained as follows: 

α = 

Ē 1 − Ē 2 

Ē 1 + Ē 2 
, β = 

ν̄2 ̄E 1 − ν̄1 ̄E 2 

Ē 1 + Ē 2 
with Ē i = 

E i 

1 − v 2 
i 

and ν̄i = 

1 − 2 νi 

2 ( 1 − v 1 ) 

ε = 

1 

2 π
ln 

(
1 − β

1 + β

)
, � = 

1 + α

1 − α

η = h 1 / h 2 , � = 

(
1 + 2�η + �η2 

)
/ [ 2 η( 1 + �η) ] 

I = �
[ (

� − η−1 
)2 −

(
� − η−1 

)
+ 1 / 3 

] 
+ ( �/η) 

(
� − η−1 

)
+ η−3 / 3 
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C 2 = 

�

I 

(
1 

η
+ 

1 

2 

− �
)
, C 3 = 

�

12 I 
, 

U = 

[
1 + �η

(
4 + 6 η + 3 η2 

)]−1 
, V = 

[
12 

(
1 + �η3 

)]−1 
, 

γ = arcsin 

[ 
6 

∑ 

η2 (1 + η) 
√ 

UV 

] 
, 

and the angle ω is a function of α, β and η, which was tabulated as in Suo and Hutchinson (1990) . For the ELS specimens

in the present study, we have M 1 = M 3 = P 1 a . For the ENF specimens, M 1 = P 1 a and M 3 = Pa . 

Appendix C. Cohesive element UEL implementation 

The implementation of the cohesive elements requires the virtual work by the cohesive tractions along an interface and

its first variation. This virtual work is 

δW coh = 

∫ 
S 0 

{ δ�} T { T } d S 0 , (C.1) 

where S 0 is the interface in the undeformed configuration, { δ�} is the virtual jump displacement across the cohesive ele-

ment faces, and { T } is the traction vector along the interface. 

Discretization of the virtual displacement leads to 

δW coh = { δu } T 
∫ 

S 0 

[ N ] 
T { T } d S 0 , (C.2) 

where { δu } represents the virtual nodal displacements and [ N ] is the nodal shape function matrix. 

The first variation of the virtual work is 

d ( δW coh ) = { δu } T 
∫ 

S 0 

[ N ] 
T d { T } d S 0 , (C.3) 

where the incremental tractions are related to the incremental nodal jump displacements as 

d { T } = [ C ] d { u } . (C.4) 

Therefore, the first variation of virtual work can be obtained as 

d ( δW coh ) = { δu } T [ K ] d { u } , (C.5) 

where [ K] = 

∫ 
S 0 

[ N] 
T 

[ C][ N] d S 0 is the tangent stiffness matrix that is needed for Newton–Raphson iterations. 

In a two-dimensional setting, the normal and shear tractions for each cohesive element are related to the nodal displace-

ments by the traction–separation relations, and the corresponding Jacobian matrix is 

[ C] = 

[
∂ σ/∂ δn ∂ σ/∂ δt 

∂ τ/∂ δn ∂ τ/∂ δt 

]
. (C.6) 

For the experimental configurations in the present study, the normal and shear interactions are decoupled as a result

of the balance condition. For each mode-mix, two traction–separation relations were extracted. A tabular input was used

to import the extracted traction–separation relations for the UEL, where the normal traction was set to be independent of

shear separation and vice versa. Therefore, the off-diagonal terms are zero in the Jacobian matrix. Given a set of separations

( δn , δt ) and the corresponding tractions ( σ , τ ), the derivatives in the Jacobian matrix are calculated by linear interpolation.

It should be noted that the equivalent stiffness of the epoxy layer was used for the cohesive elements whenever the normal

traction becomes compressive, i.e., ∂σ
∂ δn 

| δn < 0 = 

E e 
h e 

. 

The UEL subroutine was integrated into ABAQUS in the form of a cohesive element. The nodes in the UEL elements

were directly tied to those of the adjacent elements in the finite element model. A two-integration-point scheme was used

where the traction was calculated based on the openings given the tabulated input. The global field equations were solved

incorporating both the UEL elements and others in the model. A typical stress distribution near the crack tip is presented

in Figs. S3 and S4. 

We note that the current UEL implementation is specific to the experimental configurations in the present study, without

explicit coupling between the normal and shear interactions. The fact that the traction–separation relations depend on the

mode-mix indicates that they are coupled, but we do not have a general formulation for coupled interactions. Instead,

the traction–separation relations extracted for each mode-mix were imported in the finite element analysis of the same

experimental configuration, for the purpose of consistency checking. It is also assumed that both the normal and shear

separations increased monotonically in the cohesive elements so that no damage parameters are needed. 
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Supplementary material 

Supplementary material associated with this article can be found, in the online version, at doi: 10.1016/j.jmps.2018.12.004 .
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