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Poroelastic Effects on the
Time- and Rate-Dependent
Fracture of Polymer Gels

Fracture of polymer gels is often time- and rate-dependent. Subject to a constant load, a gel
specimen may fracture immediately or after a delay (time-dependent, delayed fracture).
When a crack grows in a gel, the fracture energy may depend on the crack speed (rate-
dependent). The underlying mechanisms for the time- and rate-dependent fracture of gels
could include local molecular processes, polymer viscoelasticity, and solvent diffusion
coupled with deformation (poroelasticity). This paper focuses on the effects of poroelasti-
city. A path-independent, modified J-integral approach is adopted to define the crack-tip
energy release rate as the energetic driving force for crack growth in gels, taking into
account the energy dissipation by solvent diffusion. For a stationary crack, the energy
release rate is time-dependent, with which delayed fracture can be predicted based on a
Griffith-like fracture criterion. For steady-state crack growth in a long-strip specimen,
the energy release rate is a function of the crack speed, with rate-dependent poroelastic
toughening. With a poroelastic cohesive zone model, solvent diffusion within the cohesive
zone leads to significantly enhanced poroelastic toughening as the crack speed increases,
rendering a rate-dependent traction-separation relation. While most of the results are
based on a linear poroelastic formulation, future studies may extend to nonlinear theories
with large deformation. In addition to the poroelastic effects, other mechanisms such as vis-
coelasticity and local fracture processes should be studied to further understand the time
and rate-dependent fracture of polymer gels. [DOI: 10.1115/1.4045004]

Keywords: polymer gels, J-integral, poroelasticity, delayed fracture, steady-state crack
growth, flow and fracture, mechanical properties of materials

1 Introduction
Polymer gels have been commonly used in biomedical applica-

tions [1–3]. Recently, polymer gels have been exploited as a class
of soft active materials with potential applications in soft machines
and soft robotics [4–7]. These applications have motivated the
development of smart and tough gels [8–10]. However, it remains
a challenge to accurately measure the fracture toughness of
polymer gels [11], and a fundamental understanding of the fracture
mechanisms in gels is still lacking [12]. Experimental measure-
ments have reported a wide range of fracture toughness for
polymer gels from ∼1 J/m2 for gelatin and agar gels [13,14] to
∼104 J/m2 for a tough gel with hybrid alginate–polyacrylamide net-
works [9]. As noted by Long and Hui [11], most of these measure-
ments were interpreted by assuming that the gels were purely
elastic. However, fracture is often time- and rate-dependent for
polymer gels [15–18]. For example, in an experimental study on
steady-state crack growth in gelatin gels, Baumberger et al. [18]
found that the effective fracture energy was rate-dependent and
increased with the crack speed (so-called “velocity toughening”).
Recently, Tang et al. [17] conducted fracture experiments of poly-
acrylamide hydrogels under monotonic, static, and cyclic load; they
observed time-dependent, delayed fracture below the critical load
for fast fracture but above a threshold load.
To study delayed fracture of polymer gels, Wang and Hong [19]

developed a nonlinear visco-poroelastic model with a pre-existing
crack, and they found that the delay time depends on the size of a
pre-existing crack in a similar way as diffusion-limited processes
(a poroelastic effect). By assuming a specific size distribution of

microcracks, they proposed a statistical theory on the lifetime pre-
diction of a swollen gel. Bouklas et al. [20] studied the effects of
solvent diffusion on the crack-tip fields and the energy release rate
for stationary cracks in polymer gels using a nonlinear, transient
finite element method. They proposed a modified J-integral for
calculating the time-dependent crack-tip energy release rate for
quasi-static crack growth in gels, with which delayed fracture was
discussed as a possible scenario under certain chemo-mechanical
conditions. For both analytical and numerical convenience,
linear poroelasticity has also been used in studies concerning frac-
tures of poroelastic materials. Atkinson and Craster [21] analyzed
the fracture behavior in linearly poroelastic media under a pre-
scribed internal pressure, and they obtained the stress intensity
factor as a function of time using Laplace and Fourier transforms.
Hui et al. [22] studied the short-time transient fields near the tip of
a stationary crack in a linearly poroelastic solid. Yang and Lin [23]
presented a numerical study on the time-dependent crack-tip fields
in a linearly poroviscoelastic medium under constant applied
stress. More recently, Yu et al. [24] presented an asymptotic anal-
ysis of the transient crack-tip fields for stationary cracks in
polymer gels, with short-time and long-time limits for the stress
intensity factor and the crack-tip energy release rate under differ-
ent chemo-mechanical boundary conditions. Their numerical
results suggested that the onset of crack growth may be delayed
until the crack-tip energy release rate reaches a critical value.
To study steady-state crack growth in polymer gels, Noselli et al.

[25] derived the energy release rate within the linearized, small-
strain setting (linear poroelasticity) and predicted a poroelastic
toughening effect as a result of solvent diffusion around the
crack tip. In addition, they proposed a linear poroelastic cohesive
zone model for the dependence of the effective toughness on
crack speed. More recently, Yu et al. [26] considered steady-state
crack growth in a long-strip specimen of finite width and found
that the poroelastic toughening effect can lead to rate-dependent
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fracture unless the crack speed is so high that the characteristic dif-
fusion length scale is much smaller than the specimen size
(small-scale diffusion). Both of these studies assumed plane
strain conditions. However, thin specimens are commonly used
in experiments, which can be modeled more accurately with
plane stress conditions. The differences between the plain stress
and plane strain conditions were examined in a recent work [27],
where a nonlinear poroelastic cohesive zone model was proposed
to further study the poroelastic effects on the rate-dependent frac-
ture of polymer gels.
Based on the previous studies [20,24,26,27], we present in this

paper the primary results concerning the poroelastic effects on the
time- and rate-dependent fracture of polymer gels, including both
delayed fracture and steady-state crack growth. In particular, the
modified J-integral method is emphasized (Sec. 2) as an effective
approach for calculating the crack-tip energy release rate as the
energetic driving force for fracture in poroelastic gels, with which
Griffith-like fracture criteria are proposed for delayed fracture with
a stationary crack and for steady-state crack growth. While the
method is generally applicable for linear and nonlinear poroelasti-
city, analytical and numerical results are presented here based on
linear poroelasticity only, first for time-dependent (delayed) fracture
in Sec. 3 and for rate-dependent, steady-state crack growth in Sec. 4.
In the closing remarks (Sec. 5), we summarize the main findings to
date and point out a few areas of potential interests for future
studies.

2 J-Integral and Energy Release Rate
The classical J-integral [28] calculates the energy release within

the contour as the crack grows straight ahead in the local crack-tip
coordinates. If the material is purely elastic, the J-integral is
path-independent and the energy release rate (per unit area of
crack growth) provides a thermodynamic driving force for crack
growth. However, if the material is inelastic and dissipates energy
during deformation such as in metals (plasticity) and polymers
(viscoelasticity), the energy release rate from the classical J-integral
would also include the energy dissipated around the crack tip and
within the contour, and consequently, it is no longer path-
independent in general. In this case, the energetic driving force
for crack growth may be determined by subtracting the energy dis-
sipation (if possible) within the contour from the classical J-integral.
Alternatively, if a cohesive zone is assumed at the crack tip, the
J-integral with a contour around the cohesive zone without enclos-
ing any other dissipative material can also be used to determine the
driving force for crack growth [19,23]. In the case of polymer gels,
energy dissipation may result from viscoelasticity [11,12], poroelas-
ticity (solvent diffusion) [19,20,24–27], and background damage
(due to network imperfection) [29], all of which may dissipate
energy over a large volume around the crack, similar to ductile frac-
ture in metals with large-scale yielding and energy dissipation by
plasticity [30,31].
Despite extensive works on the fracture of viscoelastic materials

in the 1970–1980s [32–37], the energetics of fracture with visco-
elastic energy dissipation remains elusive, whereas the cohesive
zone approach is commonly adopted. The mechanism of back-
ground damage due to network imperfection was recently pro-
posed for polyacrylamide hydrogels [29], for which a detailed
constitutive model with damage is not yet available for the calcu-
lation of energy dissipation. On the other hand, based on a nonlin-
ear poroelastic theory of polymer gels with coupled elastic
deformation and solvent diffusion, a modified J-integral was
derived by Bouklas et al. [20] to calculate the energy release rate
for crack growth in poroelastic gels, where the energy dissipation
by solvent diffusion was subtracted from the classical contour
integral. It was shown that the modified J-integral is path-indepen-
dent for both transient and steady-state crack growth in poroelastic
gels [24–27] without considering other energy dissipation
mechanisms.

The modified J-integral for poroelastic gels can be written in two
equivalent forms [20]:

J* =
∫
Γ0

UN1 − sαJNJ
∂xα
∂X1

( )
dΓ−

∫
A0

μ
∂C
∂X1

dA (1)

or

J* =
∫
Γ0

ÛN1 − sαJNJ
∂xα
∂X1

( )
dΓ +

∫
A0

C
∂μ
∂X1

dA (2)

where U=U(F, C) is the free energy density function in terms of
the deformation gradient F and the solvent concentration C, and
Û = U − μC is Legendre transform of the free energy density func-
tion that yields a function of the deformation gradient F and the
chemical potential of the solvent μ. Here, the contour Γ0 is drawn
in a homogeneous reference configuration with NJ being the
outward unit normal vector, and A0 being the enclosed area (see
Fig. 1); sαJ is the first Piola-Kirchhoff stress, xα is the location coor-
dinate of the material point in the current (deformed) configuration,
and XJ is the location coordinate in the reference configuration; the
crack is assumed to lie in the X1−X3 plane with a crack front per-
pendicular to the X1−X2 plane in the reference configuration.
The second form of the modified J-integral in Eq. (2) is preferable

for numerical calculations by the finite element method [20],
because it does not require the calculation of the derivatives of
the solvent concentration, which would require higher-order inter-
polations of the concentration field [38]. A domain integral
method was developed along with a nonlinear transient finite
element method to calculate the modified J-integral [20]. We note
that similar forms of modified J-integrals were developed previ-
ously for the hygro-thermo-elastic fracture [39,40] and for the frac-
ture of battery electrodes with solute diffusion [41].
The nonlinear poroelastic theory for large deformation and

solvent diffusion in polymer gels can be linearized for infinitesimal
deformation near a homogeneously swollen state to yield a linear
poroelastic formulation [42], taking the same form as Biot’s
theory of linear poroelasticity [43]. With the linear poroelastic for-
mulation, the modified J-integral is also linearized to yield [26]:

J* =
∫
Γ0

ϕ̂n1 − σijnj
∂ui
∂x1

( )
dΓ +

∫
A0

(c − c0)
∂μ
∂x1

dA (3)

where the linearized free energy density function is

ϕ̂ = G εijεij +
ν

1 − 2ν
(εkk)

2
[ ]

− (μ − μ0)(c − c0) (4)

Fig. 1 A crack in a reference configuration with a contour
around the crack tip for J-integral

031005-2 / Vol. 87, MARCH 2020 Transactions of the ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/87/3/031005/6448924/jam
_87_3_031005.pdf by U

niversity of Texas At Austin user on 20 N
ovem

ber 2019



Here, σij is the Cauchy stress, ɛij is the linear strain, ui is the dis-
placement, c is the solvent concentration, G is the shear modulus,
and ν is the Poisson’s ratio (drained), all defined with respect to a
homogeneous initial state of the gel with an initial solvent concen-
tration c0 and correspondingly, an initial chemical potential of the
solvent μ0; the contour Γ0 is drawn in the initial configuration as
well. While the nonlinear form of the modified J-integral in Eq.
(1) or (2) gives the energy release rate per unit area in the reference
configuration (typically, the un-swollen dry state), the linear form in
Eq. (3) is set up in the initial swollen state and thus gives the energy
release rate per unit area in this initial state; the two differ by a factor
of λ20, with λ0 being the linear swelling ratio of the gel relative to the
dry state of the polymer network.
With the modified J-integral as the crack-tip energy release rate, a

Griffith-like fracture criterion may be proposed for a stationary
crack and for steady-state crack growth in poroelastic gels. In the
case of a stationary crack, the modified J-integral is time-dependent
[20,24] and the onset of crack growth may be predicted when the
modified J-integral reaches a critical value, namely

J*(t) = Γc0 (5)

where Γc0 is the fracture energy for initiation of crack growth and
may depend on the polymer network structure as well as the
solvent content of the gel. For steady-state crack growth, the mod-
ified J-integral is rate-dependent (a function of crack speed ȧ) [25–
27], which must be equal to the rate-dependent fracture energy at
the same crack speed, namely,

J*(ȧ) = ΓSS(ȧ) (6)

where ΓSS(ȧ) is the steady-state fracture energy and may depend on
the fracture processes at the crack tip. The specific fracture pro-
cesses may be time- and rate-dependent in general. Following the
spirit of small-scale yielding, we assume a small-scale fracture
process zone so that the detailed fracture processes are not explicitly
considered, but the rate-dependent fracture energy may still be
determined by calculating the modified J-integral on the left-hand
side of Eq. (6) along with the measurement of the crack speed.
The modified J-integral on the left-hand side of Eqs. (5) and (6)

differs from the classical J-integral in that the energy dissipation by
solvent diffusion within the contour has been subtracted because
this dissipated energy cannot be released upon crack growth,
namely

J* = J − Jd (7)

where J is the classical J-integral and Jd is the energy dissipation
rate within the contour. For poroelastic gels, both J and Jd are path-
dependent, but J* is path-independent [20]. By the second law of
thermodynamics, Jd≥ 0 in all cases. With a remote contour along
the boundary of a fracture specimen, the classical J-integral required
to initiate the growth of a stationary crack is then

Jc = Γc0 + Jd (8)

which is greater than the intrinsic fracture energy Γc0. Similarly, for
steady-state crack growth, the classical J-integral with a remote
contour is

Jss(ȧ) = Γss(ȧ) + Jd(ȧ) (9)

which is greater than the intrinsic steady-state fracture energy
Γss(ȧ). Therefore, the apparent fracture energy by the classical
J-integral is generally greater than the intrinsic fracture energy,
and the difference is due to the energy dissipation associated with
solvent diffusion in the gel, namely, poroelastic toughening [25].
Furthermore, it is noted that the amount of poroelastic toughening
may depend on the specimen size and geometry unless solvent dif-
fusion is confined within a small region (compared to the specimen
size) around the crack tip.

3 Time-Dependent (Delayed) Fracture
A stationary center-crack model was studied in detail previously

[20,24], which is summarized here as an example. Consider a speci-
men with a stationary center crack (Fig. 2), subject to uniaxial
tension by either displacement or load (traction) controlled step
loading under plane strain conditions. The initial state of the gel
is assumed to be stress free and homogeneously swollen, with a
solvent concentration c0 corresponding to the chemical potential
μ0= 0. The specimen may be immersed in an external solution
so that all of the boundaries (including the crack faces) are
in contact with the external solution where the chemical potential
μ= 0 is assumed. Alternatively, if the specimen is not immersed,
we assume that all of the boundaries are impermeable to solvent dif-
fusion. For simplicity, only the results from the linear poroelastic
analysis [24] are discussed here, whereas the nonlinear results
[20] are qualitatively similar.
Instantaneously upon a step loading (t= 0+), if the poroelastic

material behaves like an incompressible, linearly elastic material
with ν= 0.5 (undrained), the energy release rate would be

J0 =
K2
I0

4G
(10)

where KI0 is the instantaneous stress intensity factor. For an infi-
nitely large specimen (h/a→∞), KI0 = 4Gεh

���
πa

√
under displace-

ment control with ɛh being the applied remote strain, or
KI0 = σh

���
πa

√
under load control with σh being the applied remote

stress, where a is the half crack length and h is the half-width of
the specimen.
The instantaneous elastic deformation around the crack tip leads

to an inhomogeneous field of the chemical potential, which drives
solvent diffusion in the poroelastic specimen. Even at infinitesimal
time increments (t→ 0+), there exists a diffusion zone around
the crack tip, which may influence the stress intensity factor and
the energy release rate [24]. By dimensional considerations, the
energy release rate can be written as

J*

J0
= Λ

t

τ
,
h

a
, ν

( )
(11)

where τ = a2/D* is the characteristic diffusion time with an effec-
tive diffusivityD*, ν is Poisson’s ratio (drained), and the dimension-
less function on the right-hand side is to be determined numerically
and depends on the chemo-mechanical conditions (displacement or
load control, immersed or not immersed) [24]. For linearly

Fig. 2 Schematic of a stationary center-crack model
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poroelastic materials, analytical limits for the energy release rate can
be found at the short-time and long-time limits as listed in Table 1.

3.1 Short-Time Limits. At the short-time limit (0 < t/τ≪ 1),
the stress intensity factor is found to be [21,24]

KI(t � 0+) = KI0
1

2(1 − ν)

[ ]α
(12)

where α≈ 0.735 for the immersed case and α= 0.5 for the
not-immersed case. Therefore, in both the immersed and
not-immersed cases, KI(t→ 0+) <KI0 as long as ν< 0.5.
Correspondingly, the energy release rate at the short-time limit is

obtained for the immersed and not-immersed cases as [24]

J*(t � 0+) = J0
1

2(1 − ν)

[ ]2α−1
(13)

Thus, for the immersed case (α≈ 0.735), J*(t � 0+) < J0; and
for the not-immersed case (α= 0.5), J*(t � 0+) = J0.

3.2 Long-Time Limits. At the long-time limit (t→∞), the
chemical potential becomes homogenous so that the specimen
reaches both chemical and mechanical equilibrium (assuming no
crack growth) and the linear poroelasticity problem becomes iden-
tical to a linear elasticity problem. For the immersed case, the stress
intensity factor at the long-time limit is exactly the same as the
elastic case with the (drained) Poisson’s ratio (ν). Under displace-
ment control, we obtain [24]

KI (t � ∞) =
KI0

2(1 − ν)
(14)

which is smaller than the short-time limit given by Eq. (12) with ν<
0.5. Under load control, the elastic stress intensity factor is indepen-
dent of Poisson’s ratio. As a result, the stress intensity factor at the
long-time limit is simply:

KI(t � ∞) = KI0 (15)

which is greater than the short-time limit in Eq. (12) for the
immersed case [24].
Correspondingly, the energy release rate at the long-time limit for

the immersed case is [24]

J*(t � ∞) =
J0

2(1 − ν)
(16)

under displacement control and

J*(t � ∞) = 2(1 − ν)J0 (17)

under load control. Therefore, the energy release rate as a function
of time depends on the loading conditions, with different long-time
limits for displacement and load control.
For the not-immersed case, under load control, the long-time

limit of the stress intensity factor is the same as Eq. (15). Under

displacement control, the long-time limit is also the same if h/a≫
1, but slightly different for a finite specimen [24]: KI(t→∞)=
0.993KI0 for h/a= 10 and ν= 0.24.1 Similarly, the energy release
rate at the long-time limit for h/a≫ 1 is the same as Eq. (17) for
the not-immersed cases, but slightly different for a finite specimen
under displacement control: J*(t � ∞) = 1.496J0 for h/a= 10 and
ν= 0.24.

3.3 Numerical Results. Based on the linear poroelastic for-
mulation, a finite element method was developed to solve the
associated initial/boundary value problems [24]. By the modified
J-integral, we calculated the crack-tip energy release rate (J*) in
the linearly poroelastic center-crack model (Fig. 2), which con-
firmed the predictions for the short-time and long-time limits
in Table 1. Figure 3(a) shows the normalized energy release
rate as a function of the normalized time for both the immersed
and not-immersed specimens under displacement-controlled step
loading. For the not-immersed case, the normalized energy
release rate increases monotonically over time, from the short-time
limit to the long-time limit. For the immersed case, however, the
normalized energy release rate first increases and then decreases,
approaching a long-time limit that is smaller than the short-time
limit. The non-monotonic evolution is a result of solvent diffusion
from both the crack faces and the outer boundaries of the specimen
as discussed in Ref. [20]. Figure 3(b) shows the normalized energy
release rates under load control. For the not-immersed case, the
behavior is similar to that under displacement control in Fig. 3(a),
except for a slightly different long-time limit due to a finite
specimen size (h/a= 10). On the other hand, the behavior for the
immersed case is different from that in Fig. 3(a). While the
short-time limit is the same for both displacement and load
control, the long-time limits are different for the immersed case.
In contrast to the non-monotonic variation under displacement
control (Fig. 3(a)), the energy release rate increases monotonically
under load control, approaching the same long-time limit as for the
not-immersed case. Thus, under different loading conditions, the
fracture behavior could be different for the immersed specimens.

3.4 Delayed Fracture. By the fracture criterion in Eq. (5), a
stationary crack in a poroelastic gel would start growing once the
time-dependent energy release rate (J*) reaches a critical value
(Γc0). Depending on the applied load (either displacement or load
control) as well as the chemical boundary condition (immersed or
not-immersed), the crack may grow immediately or after a time
delay or may not grow at all. According to the numerical results
in Fig. 3, except for the immersed case under displacement-
controlled loading, the energy release rate (J*) increases monoton-
ically over time. In these cases, the crack would grow immediately
if the short-time limit of the energy release rate is greater than the

Table 1 Short-time and long-time limits of the crack-tip energy release rate for the linearly poroelastic center-crack model

Short-time limit Long-time limit

Immersed Displacement control J*(t � 0+) = J0
1

2(1 − ν)

[ ]0.47
J*(t � ∞) =

J0
2(1 − ν)

Load control J*(t � ∞) = 2(1 − ν)J0

Not-immersed Displacement control J*(t � 0+) = J0 J*(t � ∞) = 1.496J0
a

Load control J*(t � ∞) = 2(1 − ν)J0

aBased on numerical results for h/a= 10 and ν= 0.24 [24].

1In the present work, ν is the drained Poisson’s ratio in linear poroelasticity as
defined in Ref. [42] unless noted otherwise. The undrained Poisson’s ratio is taken
to be 0.5 assuming incompressibility for both the polymer and the solvent. The differ-
ence between the drained and undrained Poisson’s ratios depends on the initial solvent
concentration in the gel. The value ν= 0.24 is used in numerical simulations for a
typical polymer gel with an initial solvent concentration Ωc0= 0.97 (equivalent to a
solvent volume fraction of 97%).
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fracture toughness, i.e., J*(t � 0+) > Γc0, but would never grow if
the long-time limit is lower than the fracture toughness, i.e.,
J*(t � ∞) < Γc0; in between, delayed crack growth is predicted
if J*(t � 0+) < Γc0 < J*(t � ∞). Taking J0 as the applied
loading parameter (corresponding to the classical J-integral with a
remote contour), the delay time may be predicted by Eq. (5)
as shown in Fig. 4. For the center-crack model with h/a= 10 and
ν= 0.24, the crack would never grow if J0 < 0.66Γc0 (a threshold
for delayed fracture), immersed or not. For the not-immersed
case, the crack grows immediately if J0 >Γc0, whereas delayed frac-
ture would occur if 0.66Γc0 < J0 <Γc0 (subcritical), with the delay
time decreasing as the applied load (J0) increases. For the immersed
case, the crack grows immediately only if J0 > 1.22Γc0 (supercriti-
cal), with 22% toughening due to the poroelastic effect. Hence,
the gel would appear to be tougher when immersed. Furthermore,
under the same normalized loading when 0.66Γc0 < J0 <Γc0,
Fig. 4 predicts that the delay time would be longer for the immersed
case than not-immersed.
Experimentally, delayed fracture has been observed in polymer

gels [15–17] as well as many other materials [32,44–48]. For
polymer gels, the delayed fracture may result from thermally acti-
vated crack nucleation [15], stress-enhanced bond rupture and dis-
sociation [16], viscoelasticity (creep), and poroelasticity (solvent
diffusion) [19–24]. Recently, Tang et al. [17] observed delayed
fracture of polyacrylamide hydrogels when the applied energy
release rate (J0) was below the critical load for fast fracture and
above a threshold value, while the delay time increased as the

applied energy release rate decreased. This observation is qualita-
tively consistent with Fig. 4, where the critical energy release rate
for fast fracture is set by the short-time limit and the threshold for
delayed fracture is set by the long-time limit. In between, the
delay time for the onset of crack growth decreases sharply with
increasing load (J0) and can be written as

tb =
a2

D* · f
J0
Γc0

,
h

a
, ν

( )
(18)

where the dimensionless function f (…) depends on the normalized
load (J0/Γc0) as well as the specimen geometry and the chemo-
mechanical boundary conditions.

4 Rate-Dependent Fracture: Steady-State Crack
Growth
For steady-state crack growth in polymer gels, an infinitely long-

strip specimen with a semi-infinite crack was considered, first under
plane strain conditions [26] and then under plane stress conditions
[27]; both were based on the linear poroelastic formulation for
polymer gels. Theoretically, there are subtle differences between
the plane stress and plane strain conditions, such as the effective dif-
fusivity and the asymptotic crack-tip fields for the solvent concen-
tration and chemical potential [27]. Experimentally, thin-sheet
specimens are commonly used such as the pure shear tests, which
are close to the plane stress conditions. As shown in Fig. 5, the
strip width is 2h, with a semi-infinite crack lying in the mid-plane.
Subjected to an opening displacement ±Δ applied to the upper and
lower edges of the strip, the crack grows and reaches a steady-state
with a constant crack speed ȧ. Similar specimens have been used in
experiments for various materials including rubber [49] and gels
[11,18].
With respect to the moving coordinate (for an observer traveling

with the crack tip), the mechanical equilibrium equation remains
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Fig. 3 Normalized energy release rate (J*/J0) versus the normalized time (t/τ) for the immersed
and not-immersed center-crack models with h/a=10 and ν=0.24. (a) under displacement
control and (b) under load control. The horizontal dashed and dotted lines are the short-time
and long-time limits, respectively.
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Fig. 4 Normalized delay time (tb/τ) for the onset of crack growth
for the linearly poroelastic center-crackmodel under load control

Fig. 5 Schematic of a long-strip specimen with steady-state
crack growth in the x1 direction
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unchanged, while the equation for solvent diffusion becomes time-
independent but instead depends on the steady-state crack speed (ȧ).
The steady-state crack model (Fig. 5) has two relevant length scales:
the specimen half-width h and the steady-state diffusion length lss =
D*/ȧ [26,27]. The ratio between the two length scales defines a
dimensionless number

Pe =
h

lss
=
ȧh

D* (19)

which is called the Péclet number for advection-diffusion problems
[50]. Note that the Péclet number is slightly different under plane
stress and plane strain conditions due to the difference in the effec-
tive diffusivity [27].
If the specimen is made of a material that is linearly elastic and

incompressible, the energy release rate for steady-state crack
growth in the pure shear test is simply:

Je = 4Gε2∞h (20)

where ɛ∞=Δ/h. For a linearly poroelastic long-strip specimen, the
normalized energy release rate (J*/Je) for the steady-state crack
growth depends on two dimensionless parameters: the Péclet
number (Pe= h/lss) and the (drained) Poisson’s ratio (ν), namely

J*

Je
= Λss(Pe, ν) (21)

A stabilized finite element method was developed for the
steady-state crack growth model [26,27]. A subtle difference
between the plane strain and plane stress is the boundary condition
along the upper and lower edges (x2= ± h) of the specimen: while a
constant displacement u2= ± hɛ∞ is applied for both cases, the dis-
placement u1= 0 is assumed in the plane stress model [27], but the
traction σ21= 0 is assumed in the plane strain model [26] so that a
uniform stretch in the x2 direction far ahead of the crack tip is pos-
sible with the incompressible deformation under the plane strain
conditions.

4.1 Slow Crack Limit (Pe≪ 1). For the slow crack limit, the
solvent diffusion is primarily one-dimensional (1D) in the x1 direc-
tion ahead of the crack tip (x1 > 0), which can be modeled approx-
imately by a 1D model for both plane stress and plane strain
conditions [26,27]. It was found that, at the slow crack limit, both
the chemical potential and opening stress ahead of the crack tip
(for x1 > h) vary exponentially with a characteristic diffusion
length scale lss≫ h. Correspondingly, the energy release rate can
be calculated by the modified J-integral for the slow crack limit as

J*(Pe ≪ 1) =
Je

2(1 − ν)
(22)

which is the same for both immersed and not-immersed cases
[26,27].

4.2 Fast Crack Limit (Pe≫ 1). At the fast crack limit, lss≪ h
so that solvent diffusion is largely confined to a small region around
the crack tip (small-scale diffusion). In this case, a crack-tip model
may be constructed [25–27], where the asymptotic elastic crack-tip
solution can be imposed as the remote boundary condition. We note
that such a crack-tip model is strictly possible for the immersed case
only, when there exists an elastic crack-tip solution [26]. Neverthe-
less, the numerical results suggested that the energy release rate
approaches the same fast crack limit for both the immersed and
not-immersed cases [26,27]. On the other hand, different fast
crack limits were obtained under plane stress and plane strain con-
ditions. As listed in Table 2, the energy release rate for the fast crack
limit under the plane strain conditions is identical to the slow crack
limit in Eq. (22), whereas the fast crack limit under the plane stress
conditions is higher (for 0≤ ν< 0.5) [27]:

J*(Pe ≫ 1) =
2
3
(1 + ν)Je (23)

Both limits in Eqs. (22) and (23) become the same as the elastic
value in Eq. (20) when ν= 0.5, which implies no solvent diffusion
and hence the material is purely elastic (and incompressible). When
0≤ ν< 0.5, J* < Je at both limits due to poroelastic effects. In other
words, the energy release rate at the crack tip is smaller than the
classical J-integral applied at the remote boundary because part of
the supplied energy has been dissipated by solvent diffusion in
the poroelastic specimen. The poroelastic effect thus solely
depends on the (drained) Poisson’s ratio at the two limits. For
polymer gels, the (drained) Poisson’s ratio depends on the initial
solvent concentration and the solvent-polymer interaction [42].

4.3 Numerical Results. Figure 6 shows the numerical results
for the normalized energy release rate as a function of the normal-
ized crack speed (Pe) for both the immersed and not-immersed
cases. Under the plane strain conditions (Fig. 6(a)), the normalized
energy release rate depends on the normalized crack speed non-
monotonically, with a peak at Pe ∼ 10 for the immersed case and
at Pe ∼ 3 for the not-immersed case. While the slow crack and fast
crack limits are the same for both the immersed and not-immersed
cases, the peak is higher for the immersed case. In contrast, under
the plane stress conditions (Fig. 6(b)), the normalized energy
release rate depends on the normalized crack speed monotonically,
except for a shallow peak at Pe ∼ 100 for the immersed case.2 In
particular, the normalized energy release rate is considerably
higher under the plane stress condition at the fast crack limit, indi-
cating lower energy dissipation by solvent diffusion. This differ-
ence between plane strain and plane stress conditions may be
understood as a result of different hydrostatic stress components
that relate directly to the chemical potential and hence the solvent
diffusion. The hydrostatic stress is higher under the plane strain
conditions, thus leading to higher energy dissipation by solvent dif-
fusion. This is opposite to the effect of plasticity, where energy dis-
sipation is associated with the deviatoric (shear) stress and thus is
relatively lower under the plane strain conditions [51].

4.4 Rate-Dependent Fracture. By the fracture criterion in Eq.
(6), when the crack grows in a steady-state, the crack-tip energy
release rate (J*) must be equal to the intrinsic steady-state fracture
toughness (Γss) of the gel. Thus, the fracture toughness as a function
of crack speed can be determined by measuring the steady-state
crack speed (ȧ) in a long-strip specimen as a function of the
applied strain (ɛ∞=Δ/h), namely

Γss(ȧ) = J* = 4Gε2∞h · Λss
ȧh

D* , ν
( )

(24)

where the dimensionless function Λss
ȧh
D* , ν
( )

can be calculated as
shown in Fig. 6 for either plane stress or plane strain conditions.
The poroelastic properties (G, ν, and D*) of the gel must be deter-
mined separately by independent measurements. On the other
hand, the classical J-integral (Je = 4Gε2∞h) is often taken as the

Table 2 Slow-crack and fast-crack limits of the energy release
rate for steady-state crack growth in linearly poroelastic
specimens

Slow-crack limit Fast-crack limit

Plane strain J*(Pe ≪ 1 or Pe ≫ 1) =
Je

2(1 − ν)
Plane stress J*(Pe ≪ 1) =

Je
2(1 − ν)

J*(Pe ≫ 1) = 2
3 (1 + ν)Je

2Under plane stress conditions, the surfaces of the thin specimen are assumed to be
impermeable to solvent diffusion for both the immersed and non-immersed cases so
that no solvent diffusion occurs in the out-of-plane direction. Otherwise, in the
immersed case, the chemical potential would be nearly a constant in equilibrium
with the external solution and the problem become purely elastic (rate-independent).
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apparent fracture toughness [11,18], which is generally greater than
the intrinsic fracture toughness (J*/Je < 1). Moreover, Eq. (24)
implies that the apparent toughness Je would depend on the speci-
men size through the Péclet number (Pe = ȧh/D*) whereas the
intrinsic toughness Γss should be independent of the specimen size.
If the rate-dependent fracture toughness Γss(ȧ) is known for the

gel, Eq. (24) may be used to predict the steady-state crack speed
in a long-strip specimen subject to an applied strain ɛ∞. In parti-
cular, if Γss is independent of the crack speed, there exist two critical
strains under the plane strain conditions: εc1 =

�������
Γss

4GhΛmax

√
and

εc2 =
�������
Γss(1−ν)
2Gh

√
, where Λmax is the peak value of the function

Λss(Pe, ν) as shown in Fig. 6(a) for a given Poisson’s ratio. If the
applied strain is smaller than the first critical strain (ɛ∞ < ɛc1), the
energy release rate is less than the intrinsic toughness (J* < Γss)
for all crack speeds and thus the crack would not be able to grow
at all. Thus, the first critical strain (ɛc1) is the threshold strain for
steady-state crack growth in the gel. On the other hand, if the
applied strain is greater than the second critical strain (ɛ∞ > ɛc2),
the energy release rate is greater than the intrinsic toughness
(J* > Γss) for all crack speeds and thus no steady-state crack
growth is possible without considering inertial effects. Between
the two critical strains (ɛc1 < ɛ∞ < ɛc2), quasi-static steady-state
crack growth is possible. Interestingly, the numerical results in
Fig. 6(a) predict two possible crack speeds under the plane strain
conditions, but only one is stable. Considering the change of the
energy release rate with a slight perturbation to the crack speed,
stable steady-state crack growth is predicted when ∂Λss/∂Pe < 0.
Therefore, based on Fig. 6(a), we plot in Fig. 7 the Péclet number
for the stable crack speed versus Je/Γss as the normalized loading
parameter. Notably, such a plot resembles the V–G curve for envi-
ronmentally assisted subcritical crack growth in many brittle solids
[52], with a threshold energy release rate for slow crack growth and
a critical energy release rate for fast fracture.
Experimentally, Baumberger et al. [18] reported measurements

of steady-state crack growth in gelatin gels. They found that the
applied energy release rate (Je) increased with increasing crack
velocity, so-called “velocity toughening,” which appears to be con-
sistent with Fig. 7. In addition, they reported that increasing solvent
viscosity slowed down the crack growth. By the theory of linear
poroelasticity, the solvent viscosity can be related to the effective
diffusivity as [42]

D* =
2(1 − ν)
1 − 2ν

Gκ

η
(25)

where η is the solvent viscosity and κ is permeability of the polymer
network. Thus, increasing the solvent viscosity would decrease the
effective diffusivity, which in turn would decrease the crack speed
to maintain the same Péclet number (Pe = ȧh/D*). Furthermore, it
was found that soaking the crack tip with the solvent increased
the crack velocity. When the applied energy release rate (Je) was
too low for the “dry” crack to grow, the “soaked” crack would
still grow. The “soaking” effect may be qualitatively understood
by comparing the immersed and not-immersed cases in Fig. 7.
Under the same applied load (Je/Γss), the Péclet number for the
immersed case (“soaked”) is larger than the not-immersed case
(“dry”) and hence the “soaked” crack grows faster. Moreover,
since the threshold load (ɛc1 or Je1=Γss/Λmax) for the immersed
case is lower than the not-immersed case (assuming same Γss),
the “soaked” crack can grow at a lower Je than the “dry” crack.
Therefore, despite the limitations of linear poroelasticity, the
numerical results in Fig. 7 are qualitatively consistent with the
experiments. Quantitatively, however, the “velocity toughening”
observed in the experiments was much more significant than that
shown in Fig. 7. Nonlinear poroelasticity and possibly rate-
dependent fracture processes should be considered for a more quan-
titative understanding of the rate-dependent fracture in gels.
Under the plane stress conditions, the numerical results in

Fig. 6(b) suggest that the crack growth is unstable in the
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Fig. 6 Normalized energy release rate (J*/Je) versus the normalized crack speed (Pe= ȧh/D*) for
steady-state crack growth in linearly poroelastic specimens (ν=0.24): (a) under plane strain con-
ditions and (b) under plane stress conditions. The dotted and dashed lines are the slow and fast
crack limits, respectively.
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Fig. 7 Normalized steady-state crack speed (Pe= ȧh/D*) as a
function of the normalized loading parameter (Je/Γss) for a poroe-
lastic long-strip specimen under plane strain conditions
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not-immersed case unless the intrinsic fracture toughness Γss
increases with increasing crack speed. In the immersed case, the
normalized energy release rate (J*/Γss) decreases slightly with
increasing crack speed for fast crack growth (Pe > 100), which
again is insufficient to account for the “velocity toughening” as
observed in experiments [13,18]. To partly account for the rate-
dependent fracture processes in gels, a poroelastic cohesive zone
model was proposed [25,27], considering both deformation and
solvent diffusion in the cohesive zone as follows.

5 A Poroelastic Cohesive Zone Model
For the immersed case, a cohesive zone ahead of the crack tip

(Fig. 8) is assumed to be permeable to solvent diffusion, where
the free energy density (per unit area) is a function of the opening
displacement (δ) and the chemical potential (μ) of the solvent
[27], namely

ϕc(δ, μ) =
1
2
kδ2 −

μ

Ω
δ (26)

with a constant stiffness k and the solvent molecular volume Ω. The
opening stress (σ22) and the solvent concentration (ζ, per unit area)
in the cohesive zone can then be obtained as

σ22 =
∂ϕc

∂δ
= kδ −

μ

Ω
(27)

ζ = −
∂ϕc

∂μ
=

δ

Ω
(28)

Equation (27) indicates that the traction-separation relation of the
cohesive zone depends on the solvent chemical potential, similar to
the pore pressure in linear poroelasticity. By Eq. (28), the opening
space in the cohesive zone must be filled up by solvent molecules.
The solvent flux in the cohesive zone is assumed to follow a

linear kinetic law [25,27]:

j1 = −M0
∂μ
∂x1

(29)

where the mobility constant M0 is taken to be the same as that in
the gel.
Mass conservation in the cohesive zone requires that [27]

∂ζ
∂t

+
∂
∂x1

( j1δ) + ( j+2 − j−2 ) = 0 (30)

where j+2 and j−2 are the solvent flux rates across the upper and lower
interfaces of the cohesive zone at x2= 0+ and x2= 0−, respectively.
The second term in Eq. (30) is nonlinear in general, which was lin-
earized in Ref. [25] by assuming a constant δ.

With the poroelastic cohesive zone model, additional energy dis-
sipation occurs due to solvent diffusion within the cohesive zone.
The modified J-integral in Eq. (3) is path-independent only if the
entire cohesive zone is enclosed within the contour. Otherwise,
for an arbitrary contour, additional terms must be included in the
J-integral to account for the energy dissipation within the cohesive
zone [27]. By taking an infinitesimal circular contour around the
crack tip, we obtain

J* =
1
2
kδ2 −

μ

Ω
δ

( )∣∣∣∣
x1=0

(31)

For the immersed case, with μ= 0 and δ= δf at the crack tip (x1=
0), we obtain J* = 1

2 kδ
2
f . Here, δf is the crack-tip opening displace-

ment (CTOD) and, for the case of steady-state crack growth, it is
also the critical separation for fracture.
For the not-immersed case, we assume that the cohesive zone is

impermeable to solvent diffusion so that the free energy density
function (per unit area) is simply ϕc =

1
2 kδ

2, and the opening
stress is σ22= kδ. In this case, we obtain [27]

J* =
1
2
kδ2f (32)

Note that, while Eq. (32) is the same for both the immersed and
not-immersed cases, solvent diffusion in the cohesive zone for the
immersed case dissipates energy and thus enhances poroelastic
toughening, but the cohesive zone for the not-immersed case is
simply elastic with no solvent diffusion.
By dimensional considerations, the normalized energy release

rate J*/Je for the steady-state crack model (Fig. 5), now with a
cohesive zone, depends on four dimensionless parameters, namely

J*

Je
= Λss Pe, ε∞,

lc
h
, ν

( )
(33)

where lc=G/k is a length scale associated with the cohesive zone.
When lc/h→ 0 (no cohesive zone), Eq. (33) reduces to Eq. (21), fol-
lowing the linear poroelastic results. With the cohesive zone, the
problem becomes weakly nonlinear as a result of solvent diffusion
governed by Eq. (30) for the immersed case.
With the poroelastic cohesive zone model, the stabilized finite

element method was modified to account for the traction-separation
and solvent diffusion in the cohesive zone [27]. The crack-tip
energy release rate can be calculated directly by Eq. (32) for both
the immersed and not-immersed cases, where the CTOD (δf)
depends on the applied strain (ɛ∞) nonlinearly for the immersed
case but linearly for the not-immersed case. Figure 9 shows the
numerical results for the normalized energy release rate as a func-
tion of the Péclet number under the plane stress conditions. Com-
pared with Fig. 6(b), the presence of a small-scale cohesive zone
(lc/h= 10−5) has no effect on the energy release rate for relatively
slow crack growth with Pe < 100. In this case, lc≪ lss and the cohe-
sive zone is largely enclosed by the diffusion zone. For fast crack
growth (Pe > 100), the diffusion zone size (lss) becomes comparable
to or even smaller than the cohesive length scale (lc), and the poroe-
lastic effect is influenced by the cohesive zone. For the immersed
case, the normalized energy release rate decreases as the Péclet
number increases. For very fast crack growth (Pe > 105), the diffu-
sion length is smaller than the cohesive length (lss < lc≪ h). In this
case, a crack tip model can be used with the elastic K-field imposed
as the remote boundary condition [27]. It was found that as lc/lss
increases, the normalized energy release rate decreases and
approaches zero. Apparently, with increasing Péclet number, the
magnitude of the chemical potential and its gradient (∂μ/∂x1) in
the cohesive zone increase significantly, leading to enhanced
energy dissipation within the cohesive zone. Meanwhile, the
opening separation in the cohesive zone is proportional to the
solvent concentration and thus kinetically constrained by solvent
diffusion.

Fig. 8 Schematic of a cohesive zone model with a crack-tip
opening displacement δf
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For the not-immersed case, with no solvent diffusion in the cohe-
sive zone, the numerical results show the opposite trend for the nor-
malized energy release rate (Fig. 9). Evidently, as the Péclet number
increases, the effect of poroelastic toughening decreases in the
not-immersed case. Here, solvent diffusion is restricted to a small
region near the crack tip, where the presence of a cohesive zone
reduces the stress and solvent concentration, leading to reduced
energy dissipation by solvent diffusion. In the limiting case of
very fast crack growth with Pe≫ 1 or lss≪ lc, the energy dissipation
by solvent diffusion vanishes and the crack-tip energy release rate
approaches the elastic limit (J*/Je � 1) [27].
With the cohesive zone model, additional measurements are

needed to determine the steady-state fracture toughness. For
example, the CTOD may be measured as a function of the crack
speed, δf (ȧ). By dimensional considerations, we have

δf (ȧ) = 2hε∞ · g Pe, ε∞,
lc
h
, ν

( )
(34)

where g Pe, ε∞, lc
h , ν

( )
is a dimensionless function and can be cal-

culated [27]. Under a given applied strain and crack speed, the
crack-tip opening increases with increasing cohesive length (lc/h)
so that the cohesive length and the stiffness k can be determined
from the measured CTOD. Then, by Eq. (32), the steady-state frac-
ture toughness can be obtained as Γss(ȧ) = 1

2 kδ
2
f .

With the cohesive zone model, the numerical results in Fig. 9
suggest that the crack growth remains unstable for the not-immersed
case unless the steady-state fracture toughness (Γss) increases with
increasing crack speed. For the immersed case, significantly
enhanced poroelastic toughening is predicted for relatively fast
crack growth (Pe > 100). Assuming a constant Γss (e.g., Γss=
10−4Gh), the applied strain required for the steady-state crack
growth at each speed can be determined by setting J* = Γss in Eq.
(33). Figure 10(a) shows the applied energy release rate
(Je = 4Gε2∞h) thus obtained as a function of the normalized crack
speed [27]. Evidently, the effect of poroelastic toughening increases
with increasing crack speed (“velocity toughening”). With the por-
oelastic cohesive zone, the poroelastic toughening is more signifi-
cant than that shown in Fig. 7 for plane strain conditions without
a cohesive zone. Experimentally, Lefranc and Bouchaud [13]
found that the measured energy release rate increased significantly
with increasing crack speed in agar gels, qualitatively consistent
with Fig. 10(a), although it may also include effects from other rate-
dependent fracture processes at the crack tip.
Further insights were gained by examining the opening displace-

ment, the opening stress, and the chemical potential in the poroe-
lastic cohesive zone at different crack speeds for the immersed
case [27], assuming the same fracture toughness (Γss= 10−4Gh).
Remarkably, the numerical results suggested a rate-dependent
traction-separation relation as shown in Fig. 10(b). For relatively
slow crack growth (Pe= 100), the chemical potential in the cohe-
sive zone is small and the traction-separation relation is almost
linear (σ22≈ kδ). As the crack speed increases, the magnitude of
chemical potential increases and adds significantly (as a negative
pore pressure) onto the opening stress following Eq. (27). As a
result, the traction-separation relation becomes nonlinear and
dependent on the crack speed. For very fast crack growth (Pe=
106), the opening stress reaches a peak ahead of the crack tip
where the chemical potential is the most negative. Correspond-
ingly, the traction-separation relation becomes non-monotonic
with apparent softening after the peak. With the same steady-state
toughness (Γss= 10−4Gh and lc/h= 10−5), the opening displace-
ment and stress at the crack tip (x1= 0) are independent of the
crack speed, but the trajectory of the traction-separation relation
depends on the chemical potential and solvent diffusion within
the cohesive zone. Interestingly, by integrating the traction-
separation relation we would obtain a rate-dependent fracture
energy that includes not only the crack-tip energy release rate
(Γss = J*) but also the energy dissipation in the poroelastic cohe-
sive zone; while the former is assumed to be independent of
crack speed here, the latter is inherently rate-dependent. We note
that, despite the small-scale bridging condition (lc/h= 10−5), the
effect of the poroelastic cohesive zone could be significant when
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Fig. 9 Normalized energy release rates versus the Péclet
number under the plane stress conditions with the nonlinear
cohesive zone model (ɛ∞=10−3, lc/h=10−5, and ν=0.24). The
dotted and dashed lines are the slow and fast crack limits
without the cohesive zone, respectively.
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Fig. 10 (a) The applied energy release rate (Je = 4Gε2∞h) as a function of the Péclet number for
the immersed case under plane stress conditions, with Γss=10−4Gh, lc/h=10−5 and ν=0.24.
(b) Rate-dependent traction-separation relations by the poroelastic cohesive zone model.
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the diffusion length scale (lss/h= 1/Pe) is as small as or even
smaller than the cohesive length scale as in the case of fast crack
growth (Pe≫ 1).

6 Closing Remarks
This paper focuses on the effects of poroelasticity on the time-

and rate-dependent fracture of polymer gels. A modified J-integral
is used to calculate the crack-tip energy release rate as the energetic
driving force for crack growth in poroelastic gels, taking into
account the energy dissipation by solvent diffusion. For a stationary
crack, the energy release rate is time-dependent, and delayed frac-
ture can be predicted based on a Griffith-like fracture criterion.
For steady-state crack growth in a long-strip specimen, the energy
release rate is a function of the crack speed, with rate-dependent
poroelastic toughening. With a poroelastic cohesive zone model,
solvent diffusion within the cohesive zone leads to significantly
enhanced poroelastic toughening as the crack speed increases.
While most of the analytical and numerical results are based on
the linear poroelastic formulation, future studies may extend to non-
linear theories coupling solvent diffusion with large deformation,
especially for tough gels [8,9]. In addition to the poroelastic
effects, other mechanisms such as viscoelasticity and local fracture
processes should be studied to further understand the time- and rate-
dependent fracture of polymer gels. Of particular interest is the
phase-field modeling [53,54] that may incorporate various deforma-
tion and fracture mechanisms within a unified theoretical and com-
putational framework.
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