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Two buckling modes have been observed in thin films: buckle delamination and wrinkling. This
letter identifies the conditions for selecting the favored buckling modes for elastic films on elastic
substrates. Transition from one buckling mode to another is predicted as the stiffness ratio between
the substrate and the film or is predicted for variation of the stiffness ratio between the substrate and
the film or variation of theinterfacial defect size. The theoretical results are demonstrated
experimentally by observing the coexistence of both buckling modes and mode transition in one
film-substrate system. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2720759�

Thin film materials are used in a wide range of applica-
tions including microelectronics, coatings, and medical de-
vices. A frequent failure mechanism in these materials is
buckling of the thin films, resulting in interfacial delamina-
tion and fracture.1,2 Recently, understanding of buckle pat-
terns has also led to applications in metrology,3–5 stretchable
interconnects,6,7 and optical gratings.8 Previous studies on
thin film buckling have focused on one of the two buckling
modes, buckle delamination or wrinkling, as illustrated in
Fig. 1. The former considers buckling of the film when it is
partly delaminated from the substrate,9,10 while the latter as-
sumes no delamination as the substrate deforms coherently
with the film.11–13 The characteristics of both buckling modes
are often observable, with localized patterns for buckle
delamination �e.g., telephone cord blisters� and homoge-
neous patterns for wrinkling. One of the unanswered ques-
tions is as follows: what determines the selection of either
buckling mode for a given material system? Intuitively,
buckle delamination typically occurs with relatively stiff
substrates and wrinkling occurs only when the substrate is
very soft. However, a quantitative criterion is lacking. In this
letter, we develop a theoretical understanding of the buckling
mode selection for elastic thin films on elastic substrates.
This is demonstrated experimentally by observing both the
buckling modes and a mode transition in a single film-
substrate system with varying stress and interfacial defects.

As a stress-driven instability, the study of buckling can
be traced back to the classical Euler buckling of an elastic
column. The fundamental buckling mode minimizes the elas-
tic strain energy and depends on the type of constraints. For
a thin elastic film bonded to a thick elastic substrate, the
buckling instability is constrained by the substrate. Without
delamination, buckling of the film �i.e., wrinkling� requires
coherent deformation of the substrate, which is possible only
when the substrate is relatively compliant. Based on an en-
ergetic analysis,11–13 the critical stress for wrinkling is

�w =
Ēf

4 �3Ēs

Ēf

�2/3

, �1�

where Ēf and Ēs are the plane-strain moduli of the film and
substrate, respectively. When the compressive stress in the
film ���w, the film buckles spontaneously, forming
wrinkles throughout the film surface. A particular wrinkle
wavelength is established to minimize the total elastic energy
in the film and the substrate.11–13 The effects of substrate and
film thicknesses on the wrinkling stress have also been stud-
ied previously.14,15

For stiff substrates, buckling deformation of the film is
highly constrained, leading to high critical stresses for wrin-
kling. However, the substrate constraint may be locally miti-
gated by interfacial defects that lead to partial delamination
of the film. In this case, the delaminated portion of the film
buckles, which in turn drives growth of delamination through
interfacial fracture.9,10 The codevelopment of buckling and
delamination leads to abundant blister patterns such as
telephone-cord blisters. Compared to wrinkling, the buckle
delamination patterns are typically localized and sensitive to
interfacial defects.16,17 Early studies of buckle delamination
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FIG. 1. �Color online� Schematic of two buckling modes in thin films. The
critical stresses, �w and �B, are given by Eqs. �1� and �3�, respectively.
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often assumed a fixed-end condition at the edge of delami-
nation, which essentially neglected the effect of elastic de-
formation in the substrate. Under such a condition, the criti-
cal stress for the onset of buckling is identical to that for a
freestanding sheet,9 i.e.,

�B0 =
�2

12
�h

b
�2

Ēf , �2�

where h is the film thickness and b is the half width of the
delamination. The buckling stress �B0 is independent of the
substrate properties but depends on the relative size of the
interfacial delamination, b /h.

Recent studies18–20 have shown that the buckling stress
can be significantly lower than that predicted by Eq. �2�
when the elastic deformation of the substrate is considered,
especially for compliant substrates. Yu and Hutchinson20 de-
rived an implicit expression

��B0

�B
tan��� �B

�B0
� =

�h

12b
� a12

2

b/h + a11
− a22� , �3�

where a11, a22, and a12 are determined numerically, either by
direct finite element calculations or by solving an integral
equation, as dimensionless spring constants at the edge of the
buckled film, which depend on the ratio b /h and two Dun-
durs parameters. The first Dundurs parameter, �, is related to

the stiffness ratio as Ēs / Ēf = �1−�� / �1+��. The second Dun-
durs parameter, �, typically plays a less important role than
�.20 In this study, we concentrate on the effect of � and take
�=0 by setting Poisson’s ratios � f =�s=0.5 in the numerical
calculations.

A comparison between the critical stresses for wrinkling
and buckle delamination is presented in Fig. 2. The stresses
are normalized by the plane-strain modulus of the film and
plotted versus the substrate-film stiffness ratio. Using the
log-log scales, the critical wrinkling stress in Eq. �1� is a
straight line with a slope of 2 /3. The critical stress for buck-
ling, �B, obtained from Eq. �3�, decreases as the relative

delamination size b /h increases. For a constant delamination
size, the buckling stress increases as the stiffness ratio in-
creases, but at a slower rate compared to the increase of the
wrinkling stress. The intersection of the two critical stresses
defines a critical stiffness ratio Rc. When the relative sub-

strate stiffness is greater �i.e., Ēs / Ēf �Rc�, the buckling stress
is lower than the wrinkling stress, dictating that buckle
delamination occurs first as the compressive stress develops
in the film. On the other hand, for more compliant substrates

�Ēs / Ēf �Rc�, the wrinkling stress is lower and the film
wrinkles. Therefore, a transition in the buckling mode is pre-
dicted quantitatively as the stiffness ratio between the sub-
strate and the film varies. The critical value Rc as a function
of the delamination size is plotted in Fig. 3. This plot repre-
sents a buckling mode selection map: if the stiffness ratio and
the interfacial defect size render a point below the Rc curve,
wrinkling is energetically favored; otherwise, buckle delami-
nation is favored. It should be noted that the present discus-
sion is limited to the onset of the initial buckling mode only.

We note that, for each delamination size, the buckling
stress determined from Eq. �3� has two limits: for high
substrate/film stiffness ratios, the buckling stress approaches
�B0 as given by Eq. �2�; for very low stiffness ratios, the
buckling stress approaches �B0 /4. These limiting stresses are
plotted as horizontal dashed lines in Fig. 2. While the upper
limit corresponds to the buckling of the delaminated film
with fixed ends as an approximation for a rigid substrate, the
lower limit is identical to that for buckling of a freestanding
film of length of 2b simply supported at both ends. There-
fore, as the relative substrate stiffness decreases, the effective
constraint at the edges of delamination relaxes from essen-
tially fixed ends �constraint on both displacement and rota-
tion� to simple supports �no constraint on rotation�. This is
reasonable if one considers buckling of the delaminated re-

gion only. However, as discussed above, when Ēs / Ēf �Rc,
buckling is no longer limited to the delaminated region. Con-
sequently, Eq. �3� should be valid only for the regime where

Ēs / Ēf �Rc. Another limit for Eq. �3� is set by the use of the

FIG. 2. �Color online� Comparison between the critical stresses for wrin-
kling and buckle delamination. The open symbols are numerical results from
Eq. �3� for various b /h ratios. The dashed lines indicate the limiting stresses
for buckle delamination. The vertical line represents the PS/PDMS system

with Ēs / Ēf =0.0005.

FIG. 3. Critical stiffness ratio as a function of the relative delamination size.
Below the line, wrinkling is favored; above the line, buckle delamination is
favored. The dashed portion shows the qualitative trend beyond the limit of
the plate theory used in deriving Eq. �3�.
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plate equations for the delaminated part, which roughly re-
quires b /h�3.

To validate the buckling mode selection criterion de-
scribed above, we designed an experiment that enabled ob-
servation of both the buckling modes as well as a mode
transition. Here, a polystyrene �PS� film �h=120 nm� was
bonded to a 1 mm thick polydimethylsiloxane �PDMS�
substrate. The materials’ elastic moduli are estimated as

Ēf �4 GPa and Ēs�2 MPa, with a ratio of Ēs / Ēf =0.0005.3

From Eq. �1�, the critical stress for wrinkling is
�w�13 MPa. By annealing the specimen at 120 °C,
which is above the glass transition temperature of PS
�Tg�105 °C�, and then cooling slowly, a compressive stress
develops in the PS film due to differential thermal expansion.
Assuming an initially small defect at the interface �say,
b /h=5�, as illustrated by the vertical line in Fig. 2, the com-
pressive stress in the PS film first reaches the wrinkling
stress, at which point wrinkling occurs spontaneously over
the film surface. As the temperature is further decreased, the
stress eventually reaches the critical buckling stress for the
initial defect size, and buckle delamination occurs alongside
the existing wrinkles. Figure 4 shows a set of optical images
of the PS film on the PDMS substrate, which demonstrates
the occurrence of wrinkling followed by buckle delamination
during the first cooling cycle �top row�. The inset Fourier
spectrum shows a well-defined wrinkle wavelength at 60 °C.
When the material system was heated from room tempera-
ture back to 120 °C, the compressive stress in the film van-
ished and the elastic film recovered with no observable buck-
ling or wrinkling. Next, the system was subjected to a second
cooling �Fig. 4, second row�. Compared to the first cooling,
the interfacial defect size has increased due to the growth of
buckle delamination in the first cycle. An estimate of the
delamination width �Fig. 4, top row, 35 °C� gives b /h�20

for the second cycle, for which the buckling stress is lower

than the wrinkling stress with Ēs / Ēf =0.0005 as shown in
Fig. 2. Consequently, buckle delamination occurred first, at
locations similar to those in the first cycle. Further cooling
led to growth of buckle delamination and eventually wrin-
kling of the bonded region as well. Different buckling and
wrinkling patterns are observed for the first and second
cycles, which can be attributed to the different evolution
paths for mode transition and interactions.

In summary, by comparing the critical stresses for wrin-
kling and buckle delamination, we develop a quantitative
criterion for the selection of initial buckling modes in elastic
thin films. A buckling mode selection map is constructed
with respect to the stiffness ratio and the interfacial defect
size. The theoretical result is demonstrated by an experiment
that observed the coexistence of both buckling modes and a
mode transition.
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FIG. 4. Optical micrographs of a 120 nm PS thin film on a PDMS substrate
cooled from 120 °C to room temperature, where wrinkling is the favored
buckling mode during the first cooling cycle �top row� and buckle delami-
nation is favored in the second cycle. The Fourier spectrum at 60 °C �inset�
in the first cycle shows a well-defined wrinkle wavelength.
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