EM 397 Mechanics of Active Materials

A Phenomenological Constitutive Theory for Ferroelasticity

Next we move away from linear response. We have spent several qualitative lectures on
the behaviors of various “smart” materials in an effort to link the microstructural
evolution mechanisms to the macroscopically observed behaviors. In the following we
will attempt to develop a mathematical structure that can be applied, usually within
the finite element method, to solve boundary value problems. For the sake of simplicity
we will stick to the purely mechanical case of a ferroelastic description of twinning and
detwinning. It is useful to define the type of problem we are interested in investigating.
Let’s say we have some structure with a characteristic dimension of centimeters or
more, like a compact tension specimen. Grain sizes are in the micron to tens of microns
regime, and domain structures are of that scale or smaller. The point of this discussion
is that if we want to do a finite element calculation is a reasonable amount of time on a
compact tension specimen then we are not going to be able to track every domain wall
or twin boundary, and we are not even going to be able to track what is going on from
grain to grain. So our constitutive law is going to have to attempt to describe what is
going on in a collection of grains. Our “material point” is actually some representative
volume of the material. This should not cause you too much consternation, as this is
exactly what is done for polycrystalline metal plasticity, and we will use the same
mathematical structure.

We are trying to model an irreversible process, so we will need to introduce a set of
internal variables that will enable us to determine the state of the material. Strictly
speaking, the full set of internal variables would be the locations of all of the domain
walls or twin boundaries in the material. As we alluded to previously such a task would
be for all intents and purposes impossible. It can be argues that the smallest set of
internal variables needed to describe a ferroelastic material is the remanent (plastic)
strain. Formally we will write our free energy as,

b =1lee)) = 5e,(e, —e)(e, —e) +¢'(e))

An analysis of the second law yields,

0, e CW( ki Kl

Note that the original free energy functional was constructed with the desired form for
the elastic stress-strain behavior in mind. Also note that we have assumed that the

elastic properties €,y are not dependent on our internal variables &?; This assumption

is a simplification for ferroelastic twinning and detwinning because in general the elastic
properties at the lattice level are anisotropic and any texture that is induced by
remanent straining will lead to elastic properties that are dependent on the orientation
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of that texture and the magnitude of the remanent strain. Note that an initially
isotropic texture (i.e. distribution of variant orientations) will have isotropic elastic
properties. Again, we will neglect this feature of the problem for now as it is less
important for ferroelastic materials than it is for ferroelectric materials.

The second law now identifies a driving force that is work/dissipation conjugate to the
rate of change (or increment in the rate independent case) of the internal variables.

Following the terminology of kinematic hardening plasticity, the term 0 / 8&:; = 05 is

called the back stress. Note that the inclusion of W(&?;) in the Helmholtz free energy

indicates a non-standard contribution to the stored energy in the material. Recall that
we have simplified our description of the internal state of the material considerably and
have “swept the specifics of the domain microstructure under the rug”. Well, that
bump under the rug is essentially the energy due to residual stress associated with the
incompatibilities that arise during remanent straining. The specifics of these internal
stresses depend on the geometric structure of the domains, which we have decided to
ignore, so at best we can only account for this energy contribution in a
phenomenological way. But that is the physical motivation for this term.

Next, we will assume that there is some region within the driving force space, which we

. ~ B . . . .
will call o, =0,—0., where the material responds in a linear elastic manner and the

increments of remanent strain are zero. In plasticity the boundary of this surface is
called the yield surface, and for ferroelasticity this is sometimes referred to as the
switching surface. So, for states of the driving force that are within the surface we have

6:] = 0, and then switching is possible for states of the driving force on the surface given

by the equation,

P(5,,e,)=0
Note that we have explicitly listed the potential dependence on the internal variable.
For a specific material description this dependence may or may not exist. Before we
discuss a specific form for the switching surface let’s first discuss the implications of
another widely used postulate. Specifically we will assume that the material abides by
the postulate of maximum dissipation. Before stating this postulate I will note that this
is not a requirement of the laws of thermodynamics, but rather is something extra. I
will not get into the details, but there are some very nice fundamental arguments
showing that many mechanisms of quasi-static deformation lead to this postulate. For
our purposes we will take it as an assumption. So let’s state the postulate.
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Postulate of Maximum Dissipation — For a given remanent increment, é;, the state of
the driving force, &W that satisfies the switching criterion, @(67:].,6;) = 0, and causes the

increment &?; , is the one that maximizes the dissipation 67.].&'?;..

Let’s now consider the implications of this postulate. To do this we need to maximize
%é;. with respect to &W subject to the constraint @(67:].,6;) = 0. This is accomplished
by introducing the Lagrange multiplier A\ and solving,

i(& &= A®) =0

A Kl Kl
do,

"6,

This equation is the flow rule for the remanent strain increment. What this equation
states is that the increment of remanent strain is normal to the point on the switching

surface at @(67:].,6;) =0. In general, the flow rule is introduced through a plastic

potential that is not necessarily equivalent to ®. However, the postulate of maximum
dissipation implies that the plastic potential is ®, and the flow rule is called an
associated flow rule (i.e. the flow rule is “associated” with the switching surface). Next,
we also need to consider the conditions for this increment to be a maximum, and not a
minimum or a saddle point. This will be a maximum if the Hessian

i 0 i (A g )\<I>>
ij ki
. . . e oo . : _ .
is negative definite. This implies that —)\aA—A is negative definite, or if we take A
o 00
ij kl

L - 0P " i .
to only be a positive multiplier then ——— must be positive definite. Let’s consider

Jijaakl

the geometrical implications of this condition. First, take a driving force &ij that

satisfies ® = 0 and consider other nearby driving forces that lie on the tangent plane to
® at that point. Note that in order to satisfy the second law, and assuming that \ is a
positive multiplier, the switching surface must enclose the origin in driving force space,
so without loss of generality we can always assume that ® <0 inside the switching
surface and ® > 0 outside the switching surface. For our nearby driving force state on
the tangent plane we have,
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Now, since our original state &7.]. is on the switching surface, we have @((5’7.].,6;) =0.

. . . A 0P .
Also, since the driving force increment dJU is in the tangent plane and a—A is normal
) o
ij
to the tangent plane, the second term in the series is also zero. Finally, since the
postulate of maximum dissipation implies that the Hessian is positive definite and
neglecting the higher order terms we have,
. . . 1 0 . .
(6, +do, e )=—-———do,ds, >0
o 2 Bazjaakl

What this tells us is that for nearby driving force states on the tangent plane to

<I>(6jj,€;) =0, ®>0. So this means that the points on the tangent plane are outside of

the switching surface. Since this argument applies to all of the points on the switching
surface, it implies that the switching surface must be convex, i.e. all tangent planes lie
to the outside of the surface.

So to recap, the postulate of maximum dissipation implies that there is an associated
flow rule such that the increments of the internal variables are normal to the switching
surface in driving force space, and that the switching surface is convex in driving force
space. There is another way to mathematically state the requirements of the maximum
dissipation postulate that is useful for bounding proofs in plasticity. Let’s go through
the proof.

0P O ,e')=0 and L{)A positive definite

~ ) y ~
06 . v 06 .06
ij i kl

Given: sjj =\

Show: ((3Z_j — 5’2)6; >0 for any &; on or within the switching surface, i.e. CID(&;;,&;_) <0,

with &Z_J_ being the driving force state that causes &?; .

To demonstrate our assertion we first define the driving force increment d&l_j to be an
infinitesimal driving force increment in the same direction as 5;; _57:]-' Then we must
have (o?l_j - 5’2)6; >0 if do e, <0. Next, due to the convexity of the switching surface,
if @(62,&?;_) <0 then @(67.]. —I—dﬁl_j,5:j) <0. Now, expand this incremental state in a

Taylor series,
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O(G, +db,.)) = B(5,,¢]) + 8—@01&”. +0(dé,dé,,) < 0
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]

Using ®(6,,¢;) =0 and ¢, = )\g—ii) this implies that

..
i

1. .. - . fn er
—é'do. <0 — doe <0 — (6.—0 ) >0
)\ i 3 91 ) Y Y

So (&ij —&;)é; >0 is simply another way to mathematically state the consequences of

the maximum dissipation postulate.

These are a few nice general principals that help us to constrain our constitutive theory
in a more restrictive manner than the second law does. However, we still need more
specifics in order to model a particular material. Note that when dealing with
transformations from one martensite variant to another martensite variant there can be
no remanent volume change because the size and shapes of the variants are identical but
their orientation differs. So if there is no volumetric remanent strain increment then,
assuming and associated flow rule, the hydrostatic part of the driving force cannot
contribute to the switching surface. This is in direct accord with the assumptions of
metal plasticity. This implies that the switching surface must be in terms of the
deviator of the driving force,

Then, if the material is initially isotropic, in this case we are referring to plastic
isotropy, then the switching surface can only depend on the invariants of §7j, which are
$,=0, §1‘,j§7‘,j’ and §7:]_§],A7§ki. In general the size and shape of the switching surface would

have to be measured experimentally. For illustrative purposes we will make the simple
assumption consistent with J,-flow theory in plasticity that the switching functional can
be written as,

3 A A 2
d=3%55 —0
2 i 0

where o, is the uniaxial switching strength, which is the stress in uniaxial tension or

compression where switching commences. Then the flow rule is written as,

95
&=\ oo _ A 0 95y _ BAS, (6,6, —56,6, 6. )=3A3, —A5.6, =3\,

v 66' a§ 3& J 3kl im o gm
) kl 1)
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The one last piece of the framework that is required is the specification of the remanent
potential W(&?;). Again, if the material is initially isotropic with regard to its texture,
then the remanent potential can only depend on the invariants of the remanent strain.
Even though the remanent strain has no volumetric part it is still useful to formally

define and use the remanent strain deviator e =&’ —1e’§ . Then the remanent
i ij 3 kk i

potential can be written in terms of the following two invariants,

e 2rr1/2 e 4rrr1/3
J: = (;e..e..) and J3‘ :(fe,.e,e )

2 39 i 3 7y gk ki

With these invariants J; can be regarded as the “magnitude” of the strain, and the
ratio J; /J; can be thought of as the “direction” or “type” of strain, with Jy /Iy =1
being a uniaxial volume conserving extension, J;/J; =-1 a uniaxial volume
conserving contraction, and J; /J; =0 being a pure shear remanent strain. All other

strain “types” lie in the region —1<J; /J; <1. With ferroelastic materials one of the

required features of the remanent potential is that is must enforce the remanent strain
saturation conditions. This implies that when the remanent strain state gets close to a
saturated state the remanent potential must increase rapidly. Furthermore, the
saturation state most like depends on the remanent strain “type” such that this state is
dependent on the ratio J; /J;. Specifically, in tetragonal materials where the c-axis of
the unit cell is longer than the a-axes, the saturated remanent strain in tension is
greater than the saturated remanent strain in compression. So in general, for an

isotropic material, we would have " = ¢"(J5,J;).

For a material that is elastically and initially remanently isotropic the four components
of our constitutive law are,

Elasticity: o, =(2u+X)0.c, +2ule, —c;) where e =e —€.6

3 kkij

. . 3 A A 2 ~ B ~ ~ ~
Switching surface: ® =355 —0° <0 where 6 =0 —0’ and § =6 —1i5. 6
2 gy 0 ij ij U] 3

% i ij
Flow rule: 5; = 3)\§1_j with A\>0if =0 and A=01if & <0

"
oe’

i

. B
Hardening law: o, =
From these considerations we can construct the forward tangent moduli for a material
undergoing remanent straining. First consider the consistency condition,

b=0 — 3s,—s)(,—5)=0
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Elasticity then implies that s = 2,u(él.j — é;.), which with the consistency condition and

the hardening law give,

3(347 - 35) 2ué, —2ue; — —Le |=0

The flow rule then yields,

B\ - B B B By __
6uul(s, — s, )€, —18uA(s, — s, )(s, —s;)—9(s, — s, )H s, —s,)=0
2
3%
Solving for \ gives,
)\ — 2H§7j67] N ér — 6’U/§7',j§klékl
2 A 1 2 A
dpo, +35 H S T dpo) + 3 H 5.

Then, going back to the incremental elasticity relationships, we have,

_ 6'usz'j8klekl
Y 4pe’+35 H
0 Pq

pqrs rs

g, =2+ A)5E, +2u|é

~

This is simply the incremental stress-strain behavior for a material point that is in the
process of switching. Note that this is called the forward tangent description and is not
the best approach to use for numerical methods. Let’s take a closer look at how such
constitutive laws would be implemented in the finite element method.

First let’s start with the principle of virtual work.
[ o 65,dv = [ bouav+ [ T suds

In general we will be solving a non-linear irreversible problem so we will have to solve
this problem both incrementally (due to the irreversibility) and iteratively (due to the
non-linearity) in time. Imagine that we have some load history given to use and that at
some point in time we know the solution that satisfies the weak form of equilibrium
given by the principle of virtual work. In other words, we know 0;., uZ, and €ij for the

t+At t+At
i

[

load history that is currently at b; and Tl’ Our goal is to determine o , and

82’”“ for the new state of loading b;wt and Tﬁm given what we already know at time

t. Since our constitutive law is nonlinear we will have to do this using an iterative
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scheme, and the Newton-Raphson method is usually the best procedure for this task.
t+ At

Let’s define JZ.]]. as the Ith estimate of e

Then once we have found a converged

t+At

solution we will set Ué — 0o, The Newton-Raphson form of the principle of virtual

work then looks like,
. t+AL t+At 1
[ do,be, dv = [ b4 sudv+ [ 1% sudS ~ [ ol se dv
To first order, the stress change d%— is related to the strain change d% as,
d%- = cﬁfdsm

Where cfj is the tangent modulus that is consistent with the backward FEuler

constitutive integration routine that will be used to solve the constitutive model. This
then leads to the following form of the PVW,

BE i t+AL tHAL I
fvég“cw dekldv_fvbi+ 5uidv+fsﬂ+ 6uidS—fvaljéaﬂdV

Which ultimately leads to the finite element equations,

(K"} {du, } = {F™)

where [K""] is the tangent stiffness matrix, {du } is the vector of nodal displacement
changes such that {u,"'}={u }+{du,}, and {F"} is the unbalanced nodal force

vector. Given this new approximation for {u]Iv“} the strain at any integration station

&é“ can be obtained from the finite element interpolation. With &T;H in hand, it is the

job of the constitutive law to provide Ué.“ and cfj at each integration station to be

used within the next Newton-Raphson step for the finite element method.

Let’s now consider how to compute Ué.“ and cfj . I have alluded to the fact that we

will be using a backward Euler integration routine. This integration method satisfies
our constitutive equations at the end of the step. This means that the elasticity
relations and the switching conditions will be met exactly, but the flow rule will only be

satisfied to first order. The quantities that we know at this stage and that will be used

1

. . I -t . I+1 BE
in our routine are, 67.; and 87;.' . We need to use these to determine 07.; and Co - The

equations that we need to solve are,

O_I+l — ()\

i e

+2)8 et F2ule) —et —Ael) — 51 = 2u(e] ! — e — Ac))

kk ij i i i i

Ael =35, —s))

ij ij
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%(sé“ — sj)(sé“ — 55) —0’=0
To solve these equations first dot the flow rule equation with itself,

Ae’ Ael = 9)\2( [+ 55)(5_1_“ — 55)

ij

2 5
2%

Now, use the switching criterion and solve for the multiplier A.

. ,AS.T.AS.T.
N N
\/80()

Placing this result and the elasticity equations into the flow rule gives us the nonlinear

equations that must be solved for Aa‘;.

A — SJAe Ae’ [Q,u( T Ag) U]

ij \/_
U

This set of nonlinear equations is then solved using the Newton-Raphson method as
follows.

O'

Here the superscript ¢ represents the quantity at the ith iteration. The update to Aa‘;
is determined from the solution to the linear equations,

J 0 =—f  with Ae"" = Ae" +09e’
ikl kl ij ij ij ij

JZ.].M is the Jacobian matrix which is determined by differentiating the nonlinear

equations that we are solving with respect to Ae; . Therefore,

3A€]7dl [2N< . el A&TN) o 51} + 3\/?< 61k6ﬂ + HU“)

J =060

ikl ik~ gl - .
V6o, e A
0 Pq pq

82 T ] a T
with H = ‘d] and sf'Z = i
/ O Oe;, / Oe’

v ' E;'i+AE;'1 9 5;'1+A57:”
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When these equations are solved we will have fUl =0, Aé‘;'i — AE;, and then

.]. = 2u( I+l T."t —A&?;). So we have accomplished one of our tasks for the finite

element method, the determination of Ué.“. Note that the hydrostatic part of the stress

is simply, o, = (3\ +2u)e;". Next we must also determine the tangent moduli for

the finite element scheme. To do this, we need to find how the solutions to our
constitutive equations vary if we vary the strain. Taking these variations at the end of
our converged Newton-Raphson iterations for the constitutive solution yields,

de;, — \/_iAjAEdgAg (1+1 55)—3'A\;:_UAE [Q,u(deij—dai) Huklda} 0

3(si —s7)Ael 3 AT AT 611/ A’ Ae”
6,8, \/(_8; NI )A: */8_% L (2016,8, + H,,, )| dej, = %ﬁ;gmdeﬁ

This can be simplified by noting that for the converged solution we have
Ael = 3X(s, . sf) Then,

+

9( I+1 B)(S]Jrl_sB)
I i )\ %H K ,
56 ——2 d ; +6Aub, 6, + 3NH | de, = 6uAde,

ik gl 60_
0

-1
ikl

So, d&?;. = 6uAA_ de,

ikl

and do, = (A + %u)éq_’jdskk +2u(0,, 6, —6uAA

ukl)

de

This, finally, gives the tangent moduli for the finite element method. Note that this
entire derivation has assumed that the material point is in the process of changing its
remanent strain. So, prior to going through all of this work at a given integration point

you first assume that Aa‘; = 0, compute the new stress state based on this assumption

and the new strain state, and then check to see if this stress state violates the switching
criterion. If the switching criterion is satisfied then the point has simply deformed
elastically and this solution is accepted and the tangent moduli are just the linear elastic
moduli, but if the criterion is violated then the point is changing its remanent strain
and we proceed through this constitutive integration step.
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Application of this Theoretical Structure to Ferroelectricity

In and of itself, ferroelasticity is not a particularly “smart” behavior. However, we have
gone through this exercise because you are all most familiar with mechanical fields and
so the terms are easier for you to understand. But if you are able to understand all of
this then the application to ferroelectric behavior is not really all that much more
complicated. Let’s return to the second law to take a look at what we have to do for
ferroelectricity.

gé,+ED —>0

In other words the dissipation rate must be non-negative. Now let’s assume a free
energy of the form,

Y= w(%aDug;’R;)

So we have our standard strain and electric displacement configurational variables, and
additionally the remanent strain and remanent polarization as internal variables. Then
the dissipation inequality becomes,

,—Qgsf%gefw.b—aﬁa—éwlfzo
Y aam_ Y oD ] (95;. YoP
: oY oy - .
By standard arguments we will take o, = P and F = 3D to aid in the construction
' 5

1 i
of the free energy functional. We will assume,

) = %c;l(s_, - 6;_)(5]‘71 —&,)— hkl_j(Dk — Pl:)(sl.j - &?;) + %ﬁ;(Q - P;’)(DJ_ - P;) + W(&t;,ﬁr)

ij

This yields the linear piezoelectric relationships for the stress and electric field as,

J— D _ T _
Ty = Cijk:l(gkl Ek;) hkv?j

(Dk, - R&r)
Ef, = _hikl(gkl - 821) + ﬁ;‘(Dj B Pjr)

With this form of the free energy the second law inequality now becomes,

8wr 1 86?271 T T ah"l T T 1 aﬁfnn T s T
Uij — g — 5#(67”” — Emn)(gpq — gpq) =+ ?’pq(Dm — Pm)(gpq — E:pq) — Ey(Dm — Pm)(Dn — IDn ) Eij +
i i i i
8 " 1 acD T . 8hnl " T 1 a . T T > T
B ST e e, )+ 2D, <)o, —el) ~ 32 (D, ~E)(D, =B 20
oP" 2 0P oP 2 9P
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This equation identifies the driving forces, which are “dissipation conjugate” to the
internal variables. Unfortunately there is a mixture of stresses, strains, electric fields,
and electric displacements in these driving forces. We would prefer to have these
driving forces simply in terms of the stresses and electric fields. One approach for doing

this would be to invert the linear piezoelectricity relationships and solve for (Eij —6;.)

and (D, — P") in terms of o, and £, but there is another method. Consider the stored
part of the Helmholtz free energy and a Legendre transformation to obtain the stored

part of the Gibbs free energy.

Y= l Uk,(g — &, )(51,«,1 _61:1)_h (D P )(5 — & )+%ﬁ;(Da —P;)(Dj _PJ'T)

kij

g =v"—ole,—¢c)-ED -F)
. . g 99’ .
The Legnedre transformation gives us = —(6,, — 5) and = —(D, —P )
aaij v Ok, Ct
Therfore we have,
s 1 o
g - __Sulslo-u kl d E - ElisziEj
Next, consider
s 10c” oh 1 005°
o =—o, +-—(,, —&. ), —c )——=(D —P)(e —€,T)+—i7"( —P)D, —P)
861 i 2 85, mn mn pq pq 85’ m m pq pq 2 861 m m
i i U Y
s 10c” h o1
oY =—F +-—"( —¢ ) —)——(D —P')e —€ )+-— 5’”” —(D —P')(D —P")
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s E .
09" _ _1%0 o — ad,,, o _16%;% o
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These sets of equations imply that,

1 80571,)( r r ahmpq r r 1 8/36 r r
—— (e —e' Y —e")——(D —P')e —e&)+——22(D —P)D —P")
2 36; mn mn pq pq 88; m m Pq Pq 2 86; m m n n
]' '5"17‘] admpq 1 . — =
=———0 0 ——Fo ———F FE =—0_
2 agr mn  pq 867 m  pq 2 agr m n 7]
Ui i Ui
and
1 acfmpq T T ahmpq D P’r‘ T 1 8B7im D Pr D PT
5 aPZ’!‘ (gmn T mn)(gpq _gpq) B 8P1r ( m - 7n)<€pq _qu)+ 5 6PZ7. ( m - m)( n - n )
E o
:_l% : _% o _l_a’{"m EE =-F
2 a_F)L, mn  pq aP/ m  pq 2 a_PLr m n 7

These new definitions of stress-like and electric field-like variables allow for a compact
form of the dissipation inequality as,

(o, = 05 +0,)é; + (E - B+ E,)H >0
_— > -
ol E

i ’

Where the back stress and back electric field are 05 = Finally, if

% and E” = %
i l 8PL’
we assume that the postulate of maximum dissipation holds then we will have a convex

switching surface in driving force space,

A

O, B, ,P) <0

and an associated flow rule for the remanent increments,
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Macro Single Crystal Constitutive Laws

Our previous descriptions of material behavior were based on a “material point” that
consisted of several grains. If we go down in scale, or if we consider very large single
crystals (with lengths in the centimeter range), then we might consider or “material
point” to be within a given crystal but comprised of several domains. In such a case we
need to decide on what to use as internal variables. Again, a fully detailed continuum
description would require us to know the locations of each of the domain walls. We will
get to a theoretical framework that does study these materials at this level, but here we
want something a bit more macroscopic. One natural set of internal variables to
describe our many-domain material point includes the volume concentrations of each
domain variant. In this case, our Helmholtz free energy looks like,

b= e, D),

where the ¢’ are the volume concentrations of each of the domain variants. For a
tetragonal material there will be 6 variants and so I will range from 1 to 6. Let’s take a
look at how this fits into the second law.

gé,+ED —>0

) . 0P . oY - oy .
qq+ED——9a—;£D—X}idzo
gy (A 6€jj ] 8D7 1 n acl
Again, there are several different arguments used for the analysis of this inequality, for
our purposes we will take the easy way out and simply claim that this inequality is
satisfied if,

_8_1/1 E—av’b and _28_1/10-1>0

Y

9 ’ i
Oe . ,
ij i

I aCI
Next, let’s determine how we will be describing the reversible behavior of the material.
In other words, for a fixed set of ¢’ how does the material respond? We will assume
standard linear piezoelectric response about a fixed remanent state. Before we do this,

it will eventually become useful to look at the Gibbs free energy instead of the
Helmholtz free energy. The Gibbs free energy is defined through the Legendre

transformation, ¢ = 1/}—07:]_67_]_ —ED.. This transformation allows us to see that the

Gibbs free energy is a functional of the stress, electric field, and variant concentrations,

g= g(Uij,Ei,CI ). In terms of the Gibbs free energy, the second law and the constitutive

relations look like,
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We now return to our description of the linear response about a fixed remanent state.
The strain and electric displacement are assumed to have the form,

€—SU+dE—|—€

ikl Kkl kij” k

D =d, o —|—/£”E + P’

ikl Kkl
These equations suggest the following form for the Gibbs free energy.

_ o r r( 1
g= ——SUHO'UO'H d Eo,—5kEE —oe —EP +g'(c)
Note that the “remanent” part of the Gibbs free energy will be equal to the “remanent”
part of the Helmholtz free energy. The next question that we need to address is, how

r

do the quantities s” e qu.]., /i;;, €5 and P" each depend on the ¢'? In order to answer

this question in a rigorous way, we would need to know the actual configuration of the
domains and the domain walls. Since we have resigned ourselves to not do this, we will
have to resort to some approximation. The simplest approximation to use is to assume
that the stress and electric field states in the “material point” are homogeneous. This
assumption satisfies mechanical equilibrium and the continuity requirements on the
electric field, but in general it will violate kinematic compatibility and Gauss’ law across
domain walls. Other assumptions or more rigorous analyses can be performed assuming
specific domain structures, but for our purposes we will use the uniform stress and

electric field assumption. Under this assumption each of the s” I dW, /i;;, &?;, and P’

are simply the volume averages at the point in questions, i.e.
E 1 g1 1.1 I_I I pl
s..:E , gcd,_,/{’_:gcm 8?2505_, and P_T:ECP.
ikl zykl kij i ij ? i ij ) i i
I 1 I I

Each of the quantities with a superscript I represents the constant value of the property
within a mono-domain of that variant type. For a tetragonal crystal, if we know the
properties of one mono-domain type, then the properties of each of the other variants
are simply 90° or 180° tensor rotations of the originals.

Now, with these relationships we can write our Gibbs free energy in terms of only the
stress, electric field, and variant concentrations. Prior to attempting to analyze the
dissipation inequality associated with the second law, it is useful to attempt to
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incorporate the mechanisms for domain switching into the model. To do this we
recognize that switching occurs by transforming one variant type into another. If we
account for forward and backward transformations separately, then there will be
I(I —1) different transformation types possible. We will say that each one of these

transformations occurs along a specific “transformation system”, and we will label these
transformation systems as a =1...I(/ —1). Assuming that a given transformation

system is active, then we will call the rate of transformation along that system f®. In
order to relate these transformation rates to the rates of change of the variant
concentrations we need to introduce the connectivity matrix A’ such that,

C-I _ ZAIafa

1 if system « feeds into variant [
where A’ ={—1 if system « depletes variant I

0 if system « does not affect variant [

Now we can look at the dissipation inequality.
o agICI:Z Zag[Ala fa ZGaf"a ZO
I 80 a I 8 @
G()é

This equation has helped us to define the driving forces G that are work/dissipation
conjugate to the transformation rates. We can now specifically analyze each of the G
as,

G" =0 Ae; + EAP" + 1 Asp 0.0, +Ad Eo, +AkEE, +Zag Al

ikl ij kij” k
C

where the Aproperty® is the value of the property for the variant that system «

transforms to, minus the value of the property for the variant that system « transforms
from.

In class we discussed what these driving forces looked like for both the 90° and 180°
transformation types. I will not go through those descriptions again here. In order to
complete the constitutive description we still need some kinetic law relating the
transformation rates. First, we can note that since we are already accounting for
forward and reverse transformations separately we can, and in fact should, constrain

f“ > 0. The dissipation inequality then implies that a given transformation system can

only be active if G* > 0. From here there are two commonly used forms for a kinetic
law, a simple power law,
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m
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or an “overstress” power law,

0 it Gt <@

if G* > G

The overstress power law gives a distinct rate-independent linear piezoelectric response.
Note that we did not discuss the remanent part of the potential in great detail. Again,
this term will be responsible for kinematic hardening within the model, and it is
intended to, in some qualitative way, account for the residual stresses and electric fields
that we have “swept under the rug” by assuming uniform stresses and electric fields
within our material point.
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A Model for Domain Structure Evolution

In our previous macroscopic models we described our “material point” as a collection of
grains, or a collection of domains, always keeping in the back of our minds that in order
to truly compute all of the fields we are interested in we need to know the locations of
every domain wall. One reason why we devised the prior models is because tracking the
positions of every domain wall in a volume of significant size can quickly become an
intractable problem. But let’s say that we are now interested in interactions and
domain structure evolution at a much smaller scale. Let’s devise a continuum theory to
model such situations.

In our prior theories we always resorted to a linear piezoelectric response about some
remanent state of the material. If we are interested in describing the structure of the
domain walls themselves then our theory must allow for significant departures from the
states that can be described using linear piezoelectricity. Specifically, we need a
description of the free energy that includes the energy minima associated with the
different variant types, along with the energy barriers separating these minima. For
ferroelectric materials and “internal variable” or “order parameter” that can be used to
describe this “energy landscape” is the polarization vector. For a tetragonal material at
least part of the free energy can be represented as,

9

_ ﬂ 2 2 2
¢_...+2(Pz +P +Pz)+4

(P' + P+ P+ B(P*P* 1 PP 4+ PPPY) 4 ..
z Y z 2 Ty Tz y oz
bl 2 2 2 bQ 2 2 2 2 2 2
—2(e P°4+¢e P'+¢e P )—2le (P°+P)+¢e (PP+P)+e (P + P
2 T T w oy 2z ) xz\y 2 yy\ T 2 AN x

_b3[(€:ry + gyzzi)'Px'Py + <€1:z + 6z:L’)'Pac'Pz + (gyz + Ezy )'PzP ] +.

Y

c c
+1@E +e +e¥)te(c e +ee +ee )+2( +e 4+l +e8 +e +&2)+...
9 T yy 2z 2\"xr Yy 2z Yy T 2z 2) Ty YT Tz 2T yz 2y
1
+-—(D,—=P)(D,~ F)
2K ’
0
The ... are meant to represent terms that we have not included yet, or terms that can

be included to yield a more refined description of the energy landscape. Briefly, the first
line can be used to represent the distinct energy minima associated with the different
polarization variants. The second and third lines include “electrostriction-like” terms in
that they couple the strain and the “square” of the polarization. Note, however, that if
these terms are linearized about one of the energy minima, then they account for linear
piezoelectricity. The fourth line includes elastic terms that, as shown, can only describe
cubic elastic properties, so additional terms are needed to obtain tetragonal properties.
Finally, the last line will ultimately yield the relationship between the electric field,

electric displacement, and material polarization, D, =k E + P.
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Within this theory we will still be solving the standard small deformation equations for
mechanics and electrostatics. Let’s list these equations here.

o . +b=pi inV, o =0 inV, on =t onf
Jirj i i ji ij Ji'j i

57:]_ = %(UW_ + U].J./)

D ,=qinV,Dn =-wonsS

X

E =-¢,

Di = HJOEi + B

Now, if we attempt to solve these equations with the non-convex free energy given
above (assuming constitutive relationships can be derived in a consistent manner), then
what results are states of the material “near” the minimum separated by zero-thickness,
zero-energy boundaries. These are the domain walls, and across such a wall the
gradients of the polarization will be singular. In order to give the domain walls
thickness, and more importantly energy, we can penalize such sharp gradients of
polarization by including a term in the free energy of the form,

:la(PQ‘i_PQ +P2)+ld(P2 +P2 +P2+P2 +P2+P2)
2 0 T,T Y,y 2,2 2 0 T,y T, Y,T Y, 2,T 2,y ]

0N 2™ gy T,y Y 2y~ Y,z

we:tchange

In general we will simplify this considerably, using @, = a, and a, = a,=0. With this

term in the free energy, singular polarization gradients imply an infinite energy density.
To reduce the “exchange” energy of the system the transition between polarization
states will “smooth out” at the expense of additional strain and electrical energy within
the wall.

We have not yet addressed the fact that we have added an independent variable in the
free energy, but we have not included a work conjugate force that is able to drive

changes in this variable. To address this, we introduce a micro-force tensor 5].7; such
that giPi represents a power density expended across surfaces by neighboring
configurations, an internal micro-force vector 7 such that Wilbj is the power density

expended by the material internally, e.g. in the ordering of atoms within unit cells of the
lattice (this force will account for dissipation in the material), and an external micro-

force vector v, such that 72,]2 is a power density expended on the material by external

sources. Then, the integral balance of this set of configurational forces leads to the
differential balance law
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fsgid5+fv7rid1/+fv%dvzom 14

We will assume that there is a micro-force balance at the surface of the form, g = fﬁnj,
where the tensor 5].7; is representative of the material reaction to the surface micro-

forces. Then, the integral micro-force balance can be shown to reduce to the point-wise
form,

gji,j Tty = 0

Now that we have defined our micro-forces and how they do work, we can go on to
analyze the second law.

J o bdv+£ [ Lpii dV < | (b, +¢i+vB)dV + [ (ti + oo+ En B)ds

As always, the left hand side represents the rate of stored plus kinetic energy in the
material and the right hand side represents the power expended by external sources on

the body. Note that the internal force 7, does not contribute to this external power

term. We now analyze this equation using the divergence theorem where applicable and
the balance laws to cancel terms to get for an arbitrary volume,

" e, D, ST R T

i
)

£ + P.,,+%Pﬂzo
%] BR 1

Note that we have assumed that the stress, electric field, micro-force tensor, and

internal micro-force each are allowed to depend on €, D, P, P]] and B The question
can be raised as to why the free energy must be allowed to depend on R The answer

being that since the internal micro-force m is allowed to depend onPi, then all of the

thermodynamic forces must also potentially have such dependence. This is the principle
of equi-presence. It will be shown that the second law inequality ultimately allows only

7, to depend on R . Following Coleman and Noll (1963), it is assumed that for a given

thermodynamic state, arbitrary levels of €, D, P, P]] and B are permissible through

3

the appropriate control of the external sources b, ¢, and~y,. Then, given that our

inequality must hold for all permissible processes, and the last term is the only one

linear in P, we must have,

o _ 0 = = ¢(5g7DﬂP’P@j>’

opP l
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otherwise there will always be some value of R that can be selected to violate the
inequality. Next, the first second and fourth terms are linear in éj]_, D7, and PM, and

hence we must have,

o. = 8_1/1, E = 8_7,&’ and £ = 8—¢
! aaﬁ ' 0D, g GPM.

otherwise we could always find some set of éj]., D7, and P” to violate the inequality.

0 . : .
Finally, after definingn = 8%’ the internal micro-force . must satisfy

KO7TRYT R RD Tk

(7rl_ + 771)]37 <0 = 7w =-n —@JPJ_ with 5,;]-:5 (5 D,P.,P P) positive definite

If we place the constitutive relationships back into our balance laws, we obtain the
following governing equations for our independent variables.

8_¢ +b = pii. inV, 8—¢n =t onS
Os_ ' ' Oe "’ '

U Y
oy

= —¢ everywhere
BD ¢ Y
oY o S
| - =X 4~ =8P in V
or,) “or T

’ 5]

We can also obtain the rate independent form of these equations using the minimization
of the potential energy. We define the potential energy as a functional of the
displacement field, the charges, and the polarization field. The strain field is then
derived from the displacements from the linear kinematics equations, and the electric
displacements are related to (but cannot be derived from) the charges through Gauss’
law. The potential energy is written as,

PE= [ ¢dV— [ bu+¢q+7P dV— [ tu +éw+gP ds
Note that we have explicitly included the potential energy of the micro-forces here. If it

is argued that such forces do not exist, then these quantities can simply be set to zero.
The minimization of the potential energy then proceeds as follows.
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6PE:f6de—f b 6u,+¢6q+ 7P, dV — [ t u +¢dw + g 5P, dS
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[ 5% +(66D,) —,6D, 43P, dV - j; t Su —¢5Dn, + g 5P dS
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= fv b, 6ul. ~ 6D, +78P, dV — [ t 6u +¢n 6D, —#8Dn, + g 5P, dS
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This equation must hold for arbitrary variation in the volume and on the surface, and
this then implies that the following equations must hold,

ou, — i +b =0 in V, and 6—wn,:t, on S
' Oe . ' Je. '
v )
oY
oD, — = —¢.
(2 aD[ ¢7Z
oP H| v =0 in V, a—¢n:g on S
' OP oP 0P '
] j i ]
5P o _
' OP

Note that these equations are a result of the minimization of the potential energy and
thus are equations that must hold in equilibrium. In order to account for dissipation
arguments can be made that the internal variables are allowed to evolve towards
equilibrium. We will not get into these arguments here, but we will note that the
minimization of the potential energy approach yields the same generalized equilibrium
equations as the balance law approach, but without the need to ever introduce the
concepts of the material stress, electric field or material micro-forces.

In any case, we now have the governing equations of our theory in hand, so let’s now
investigate perhaps the most fundamental type of solution for this theory; the domain
wall. Let’s consider solutions for initially straight domain walls in the y-z plane moving
at constant velocity v in the a~direction. The polarization and any applied electric fields
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will exist in the z-y plane, i.e. P =0 and E =0, and generalized plane strain is
assumed, ie. € = €, = 0 and e_ is uniform. Transforming to a coordinate system

that is moving along with the domain wall at constant velocity v, symmetry
considerations dictate that the solutions for stresses, strains, electric fields, electric
displacements, polarizations and micro-forces are functions of z only. Given these
constraints, let’s look at the conditions imposed by strain compatibility.

Oe 0*u
3y 9a0y —u= f(z)+9,y)
% O =0—v=[f(2)y+g,(z)
ay 8y2 2 2
Ot 1| 0% 0*u
ay I — O /.T ‘l‘ 1/, — 0
oy 2[3x8y oy’ -~ fQ( ) gl(y)

2

—g(y)=—1cy’ tey+e
L(@)=cr+c,

So, let’s see what all of this implies for the strains.

_Ou _

gw'_ a -
X

(@)

This says that ¢ is still and arbitrary function of z.

ou Ov
2, = 3_3/ T Or =Gy T eyt 9,(z) = ¢, + g,(x)
This says that €, is still and arbitrary function of z. However, if we look at the
rotation,
ou Ov
2w.1:y = 6_3/ - % =—GY + 6 —GY— g;(x) = —QCOy +¢ - g;(x)

If we also claim that the rotation must also only be a function of z, then the coefficient
¢, =0. This condition implies that we are not bending the specimen such that the

domain wall becomes curved. Finally, the €,, component of the strain is,

gyy 8_y o f2($) =6 + G
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Again, imposing the no wall bending constraint, this equation simplifies to the claim

that the €,, component of the strain is constant. In this case we will rewrite this

condition as,

0
=&
vy yy

Next, let’s look at the electrostatic equations. With no free charge ¢, Maxwell’s laws
governing the quasi-static electric displacement and the electric field distributions imply
that,

dD d 0
L4+ AL =0 = D =D

dx dx ! !

dE d

—L -/t =0 = E =FE°

dx dy Y Y

The parameters &T;/, D;) and E; are the constant axial strain, electric displacement and

electric field in the associated directions.

Next, let’s look at the mechanical momentum balances. With the fact that ¢ =¢ ()

and hence u_ o = Cmy = 0, the momentum balances imply,
d ( 2 ) . 9 0
—l\o,—pve |=0 = o =pve +o,
dx xTr xTr xr xTr xIr
d

2 _ _ 2 0
£<aw —2pv 5w) =0 = o, = 2pv €, + o,

where 02% and afy are constants. Finally, the micro-force balances from Equations

(2.16) become

d¢ dP dP
L —n =-v —L—-v3 —~
dx ’  dx " dx
&y dp ar,
d(I/‘ TIU /8?/1' dx vy d(l:

+

7.(~o0) = 0, (0] = o o, (mec) = . D, (o) = DY D [mo0) = DI, m, (o0) = 0,

x

The solutions to these equations are subject to the boundary conditions o (oo) =o',

n, <—oo) =0, n, (oo) =0, and n, (—oo> = 0. Along with these boundary conditions the

governing equations can be solved for the electromechanical structure of a planar
domain wall moving at constant velocity. Prior to trying to solve these equations for a
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specific material free energy, let’s first derive an expression for the Eshelby driving force
on a domain wall.

Sharp interface theories of domain wall dynamics require a kinetic law that describes the
normal velocity of points along the interface. Such kinetic laws usually relate the
normal velocity to the jump in the Eshelby tensor across the wall. The following
derivation provides this relationship based on this diffuse interface theory. First,

multiply the associated balance equations by —F , € 26@/, P and Py , respectively.

zx )

Then, defining the electrical enthalpy h as h =1 — E.D., the sum of these equations can

be rearranged as follows,

d 1

%[5” LTELP, o Epvz’ejz +20 e — 2,01}25; —~ED — h]
_ p?

- U[ﬁ“ zz (ﬁ +ﬁ ) Jy Ja]

After defining [a] = a(oc ) ( o) and<a>:[( J+a(- ]/2 and applying the

a
identityﬂabu = <a>|[ Il < >|[a]], the integral of Equation (3.8) from z = —00 to z =00
can be shown to yield
1
F= ] ={e el - 2o e + ()] =20

where the Eshelby driving traction fis defined within this equation and the domain wall
mobility p is defined as

_f [” i <ﬁ +B ) oz yT+6nyz/2.,m}dx

The left-hand side of the equation is the jump in Eshelby’s energy-momentum tensor
across a flat planar domain wall moving in the a-direction.

Let’s now return to the explicit solution of the governing equations for a 180° domain
wall. The 180° domain wall simplifies the picture considerably because symmetry
considerations for the case where there is zero far field loading indicates that

P = €,y = 0. This also implies that o, = agy = 0. Expanding the free energy into the

terms that are needed we have,

. 2 a 5 G oy b , b, 2 1
z'b_éaOPyaL_{—ElRy +ZQPU _Egljl/PL/ _5(8u+8zz)fz/ +E(D1_R)(DL_'P1>

0

+ . (8:10.1: + gyy + 6222) + ¢ (6 8 te + gmgzz)

€ ?/J
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Furthermore, let’s look at the case where the domain wall is stationary, giving us v = 0.
Our governing equations become,

E —8—¢: 1DO

x_aDw k"

0

B,—B =< —1(D,-P)
Yy HU
o =a —a—w:cls +c, (e +¢e))—2P?
TT Tr a Ef/ } TT yy 2z 2 y
a¢ - 0 0 1 p2
yy - c - clgyy +CQ<61H: +6zz) __P
vy
b

:3_1/1:0150 +c,(e +¢e )—2P?
2z 65 2z T vy 2 Y
d d*P ‘ 1
g‘”’—n,:i—ad) ——a¢:a ! —qP —aP’ +be’P +b(c +&" )P +—(D —P)=0
dr Yy dr| OP oP 0 de 1"y 27y 1yy y 2\ T 227"y HO y Y

Y.z y

First, let’s consider the far field boundary conditions that we are interested in. Let’s
not consider any cases with electric field applied in the a-direction, therefore,
E =D =0. Next, we are looking for solutions where there is no far-field loading and

gradients of the polarization vanish. The zero far-field loading condition allows us to

solve for the € = strain component in terms of the y-polarization.

c b
e =—2(g +&")+-2LP°
T Cl Y 2z 201 y

Then, the other two fixed strain components follow from conditions far from the domain
wall,

b b
0 0 2 0 0 2
e, + 02(% + 5&) — Ele =0 and cg_ + 02(51;1; + 6yy) - EZPU =0

&b

1 ]_ C - 2
- 5;, =—-—22 _222 Rf and €, = 5 1_3 _21 Py
2 ¢ —¢ ¢ —c,
—= ¢~ 022 6 — 622 7 blcl — b262 7 bQCl — b2c2
whereclz €y = ,blz y 0, =
c c c c
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Finally, with EU = i(Dy —Py ) =0, the micro-force balance far from the domain wall

Ry

can be written as,

—aP —aP'=0
1y 27y
_ 1| ¢b —cb chb —cb,
Wherea:a——% 12 21+b 11 22
2 2 9|72 22 1 —2 —2
6 —6G 1 6

[0
P =0, P:i/——lzip.
y y a 0
2

In order for the free energy to increase as the magnitude of the polarization gets very
large under stress and electric field-free conditions we must have a, > 0. Then, if

a, >0 the second set of roots is imaginary and the only real root is at Py =0, which

will be a stable state if a, > 0. However, this is not a material that has a non-convex

energy with multiple stable equilibria, and so there is no domain wall solution. The
more interesting case is when a < 0. In this case, the Py = 0 state is unstable and

there are two stable states at P = +./—(a, /a,). For the solution to the governing

equations we will force our functions to approach these values as z — +oo. Our micro-
force balance equation is written as,

d2
i — = p3
@, deJ B a1Py - GQP =0
_ b>
where a, = a, — b1€1?y — b2€0 and a, = a, — i
1
dP dP dP dP dP d*P
Using, 1d % :1 v 4 L= do d | %, =—2, we can re-write this
dPy dx 2 dx dPy dx dx dPy dx | dx dz’
equation as,
2 pa— =
A |5 ﬂ _hpr _Hpi_
dP | 2| dz 2 v 4

Integrate this equation from Py = P, to some arbitrary Py value to get,
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/ —
f%i&ﬂ _ﬂp’? 2 p't\dp!
B, dPy’ 2| de 2 v 47
2 _ = 2 — = —2
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20de | 2°v 4 43 2" 4 ° 43
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Note that it can be shown algebraically that 4—1 =—L . This equation can now be
012 012

integrated as,

f: 2a,dP’ MMWKW

IVW_W_IJTW

=— L‘L_O arctanh
B,

—x
0
a,by
— P = F tanh|— E :Potanh(—x/lo)
0

This solution is called a “kink” solution. Notice that the domain wall length scale is
defined as

<

| = =

4
= 3 al?R) lU

For this solution, half of the energy is due to the gradient term and the remaining half
is due to the strain and polarization energy within the wall.

There are a couple of points to note about this solution. First, we arbitrarily placed the
position where the polarization is zero at © = 0. We could have chosen this position to
be anywhere we like and the kink solution simply shifts by that amount. The calculated
energy of the domain wall will not be changed by such a shift. This implies that the
domain wall solution is on a “flat energy landscape” and any energetic force on the wall,
not matter how small, will cause it to move. The reason why domain walls do not
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always move so easily is due to effects like lattice friction (a very small material
resistance to defect motion) and interactions with defects l