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Abstract

In this paper, we develop a shear-lag model and an in¯uence superposition technique to quickly compute the stresses

and displacements in 2D unidirectional ®ber composites in response to multiple ®ber and matrix breaks. Unlike pre-

vious techniques, both the ®ber and matrix are able to sustain axial load, and the governing shear-lag equations are

derived based on the principle of virtual work and the ®nite element method. The main advantages of in¯uence su-

perposition techniques are that computation is tied to the amount of damage, rather than the entire volume considered

and discretization is not needed, removing any uncertainties associated with meshing. For illustration, we consider a

row of N (up to 301) contiguous ®ber breaks and highlight important in¯uences that N and the matrix-to-®ber sti�ness

ratio, q�EmAm/Ef Af , have on stress redistribution. Comparisons with the Mode I plane orthotropic linear elasticity

solution are favorable for both shear and axial tensile stresses. The best applications for such techniques are as nu-

merical micromechanics tools in large-scale simulation codes of failure in ®brous composites. The present study is an

important prerequisite for simulations and modeling of random fracture patterns, as would naturally develop in a real

composite. Arbitrarily misaligned breaks are no more complicated to compute, and we reserve analyses of such cases to

future simulation work involving random ®ber strengths. Ó 1999 Elsevier Science Ltd. All rights reserved.

Keywords: Fiber composites; Shear-lag analysis; Axial matrix sti�ness; Stress concentrations; Plane linear elasticity; Numerical

simulation

1. Introduction

This work develops a shear-lag model for
computing stresses and displacements in compos-
ites consisting of parallel continuous ®bers in a
planar array, separated by a matrix material. This
model is capable of calculating both the tensile
and shear stresses in the matrix, as well as the
tensile stresses in the ®ber in response to multiple

®ber breaks in any 2D arrangement. Such models
are developed for use in large-scale breakdown
simulations of ®ber composites to address fun-
damental issues regarding materials manufactur-
ing and design. Though failure modes and
mechanisms involved in ®ber composite break-
down are likely to vary with a particular com-
posite material system, ®ber breaks and localized
crack formation are most often prevalent. Inter-
actions between these breaks alone can lead to
very complex stress and displacement ®elds.
Combining ®nite element theory and in¯uence
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superposition concepts, the shear-lag model de-
veloped here will be able to compute these ®elds
while cutting computational requirements by a
few orders of magnitude and eliminating the need
for discretization.

In previous work, in¯uence superposition
techniques were developed to handle multiple ®ber
breaks in any con®guration in unidirectional ®ber
composites, with separate algorithms for (i) elastic
matrices (Sastry and Phoenix, 1993; Zhou and
Curtin, 1995; Landis et al., 1998a, b), (ii) sliding or
debonding interfaces (Suemasu, 1984; Beyerlein
and Phoenix, 1996; Landis and McMeeking,
1998), and (iii) viscoelastic matrices (Beyerlein
et al., 1998a). These techniques have been built
upon either the Hedgepeth (1961) shear-lag model
for 2D and 3D multi®ber composites, or on ®nite
element-based shear-lag theory for 3D composites.
Thus far, these techniques, with the exception of
Landis and McMeeking (1998), assume that the
®bers carry all the axial load, and the matrix ma-
terial only transmits shear between the ®bers.
Based on these assumptions alone, it is generally
accepted that these methods will be most accurate
when the ®ber volume fraction Vf and the ®ber-to-
matrix moduli ratio Ef /Em are high, i.e.,
Ef Vf�Em(1 ÿ Vf ). However, many composites of
current interest, such as metal matrix (MMCs) and
some low Vf polymer matrix composites (PMCs),
do not fall in this category. Also, when the matrix
is assumed not to sustain axial tensile forces, these
shear-lag models cannot di�erentiate between a
transverse matrix crack extending from the ®ber
break all the way to the next ®ber versus no crack
extension into the matrix. Especially in composite
systems where the matrix strain-to-failure is lower
or comparable to that of the ®ber, as in some
MMCs and CMCs, the e�ects of matrix cracking
are extremely important. The method we develop
in this work, however, will di�erentiate between
these cases. As in the shear lag models of Landis
and McMeeking (1998), the present one incorpo-
rates the in¯uences of matrix axial sti�ness based
on the principle of virtual work by using the ®nite
element method.

The fundamental concepts behind in¯uence su-
perposition techniques are to obtain analytical so-
lutions for the in¯uence of a `unit' failure on the

stress and displacement ®elds and then use a
weighted superposition technique to obtain the
solution for the full problem. The unit solution
developed in this work allows for the matrix to
sustain a portion of the tensile stress and in di-
mensionless form, depends only on q�EmAm/
EfAf .

1.1. Theoretical background

There exists a rich variety of composite systems
which could bene®t from such shear-lag stress
analyses. On the one hand, many concerns arise in
utilization of shear-lag models because of their
inability to account for the in¯uence of all stress
components. On the other hand, its simplicity
relative to more complete, full ®eld stress analyses
have attracted several authors to extend the mul-
ti®ber shear-lag model of Hedgepeth to include
many features for both planar (2D) and regular
3D arrangements of ®bers. The original Hedge-
peth model assumes that the matrix and ®ber were
both linearly elastic and well-bonded, but later
Hedgepeth and co-workers (Van Dyke and
Hedgepeth, 1969; Hedgepeth and Van Dyke, 1967)
included e�ects of an elastic-perfectly plastic ma-
trix or complete interfacial failure. Also for sim-
plicity, their analytical solutions were derived for
stress concentrations immediately adjacent to a
single break.

Many followed with similar intentions allowing
for one or a combination of features: (i) yielding
matrices (Goree and Gross, 1980; Zweben, 1974),
(ii) interfacial debonding (Nairn, 1988; Ochiai
et al., 1991), (iii) for matrices that support a portion
of the tensile stress (Ochiai et al., 1991; Fukuda
and Kawata, 1976; Rossettos and Shishesaz, 1987;
Zeng et al., 1997) or transverse stresses (Goree and
Gross, 1980; Eringen and Kim, 1973; Mukunda
and Dharani, 1993) and (iv) for hybrid composites
(Fukuda and Chou, 1983). In some of these cases,
improvements have led to analytical di�culties or
the need for extensive numerical computation. In
virtually all cases, the restriction to consider just a
single break and a small row of breaks or a small
region of ®bers is needed to make the problem
tractable. In the latter case, reliable predictions
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depend on the size of this region relative to the
number of aligned breaks in the cluster. Moreover,
dependences of the numerical solutions on a ma-
jority of the ®ber and matrix properties are not
conveniently removed through normalizations, so
that their calculations only apply for a given set of
composite parameters. Also in some of these
models, predictions from these modi®ed versions
do not reduce to those of the Hedgepeth shear-lag
model when their respective re®nements are re-
moved.

1.2. Experimental measurements

The motivation for the development of this
computational tool, which allows the matrix to
sustain tensile stresses, are (i) recent in situ ex-
perimental measurements of the axial stress in ®-
bers and observations of damage development due
to a single ®ber break and (ii) to widen the range of
material systems which can be treated using the
shear-lag model.

Two peizospectroscopy techniques, chromium
¯uorescence (He and Clarke, 1995) and micro-
Raman spectroscopy (MRS), (Schadler et al.,
1996), have advanced the state of the art in the in
situ measurement of stresses and strains in small
diameter ®bers and interfaces in model compos-
ites. To date, it has been established through
many peizospectroscopy experiments with high
Vf model composites that the shear-lag approach
yields realistic and useful ®ber and matrix stress
results (He et al., 1998; Beyerlein et al., 1998b).
These measurements are usually performed using
model composites, where 5±10 ®bers are placed
in parallel in a planar array, or in larger speci-
mens, where measurements are possible on the
surface.

Several recent studies using peizospectroscopic
techniques have shown that as the inter®ber
spacing increases, the stress concentrations in the
immediate neighboring ®ber decreases (Wagner et
al., 1996; van den Heuvel et al., 1997; He et al.,
1998; Beyerlein et al., 1998b). Not surprisingly,
shear-lag models that do not consider axial matrix
sti�ness have been unsuccessful in interpreting this
data. In such model composites, the ®ber spacing

can be much greater than the ®ber diameter or
non-uniform within the specimen, or there can be
an excess of matrix in the thickness direction
perpendicular to the plane of the ®bers. In these
cases, matrix tensile stresses are signi®cant, and
speci®cally non-uniform ®ber spacing can alter
load transfer even when the matrix is assumed to
have zero sti�ness (Landis and McMeeking,
1998). The shear-lag model and in¯uence super-
position technique developed here is designed to
overcome this de®ciency and thus improve inter-
pretation of peizospectroscopic data obtained in
such model composites. However, due to the in-
consistency between the present model geometry
and that of experimental specimens, we will re-
serve comparison with experimental data for fu-
ture work. Nevertheless, it should be kept in mind
that stress concentrations measured in planar
model composites with few ®bers and high Vm or
on the surface may overestimate those found in
real (3D) composites with the same local ®ber
spacing, due to the reduction in number of nearest
neighbors and modi®cation of the long range load
transfer.

In composites of high Vf , which are of com-
mercial interest, shear-lag models have proven to
capture most of the features that can be experi-
mentally measured at the length scale of a ®ber
diameter (He et al., 1998; Beyerlein et al., 1998b).
Clearly, there is still plenty of room for re®ne-
ment, such as the addition of axial load carrying
capability, transverse stresses in the matrix and
interfacial debonding or sliding, with only mod-
erate increases in computational cost. Consider-
ing the enormous computational demands for
simulations involving thousands of breaks, which
is needed to capture large scale statistical fea-
tures, one cannot a�ord to expend several degrees
of freedom per break. In the following sections,
the axial load carrying capability of the matrix is
built into a 2D shear-lag model and incorporated
into a in¯uence superposition technique with the
same multiple break capabilities (not only ®ber
breaks, but now matrix breaks, too) and e�-
ciency of previous ones. The shear-lag model
developed here approaches results predicted by
the Hedgepeth shear-lag model as EmVm goes to
zero.
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2. Governing shear-lag equations and normaliza-

tions

Consider a region within a 2D, unidirectional
®ber composite with evenly spaced ®bers as shown
in Fig. 1. The analysis assumes that the thickness,
t, in the out-of-plane direction, is the same for the
®bers and matrix. The width of each matrix region
is W, and the width of the ®bers is D. In the model,
the transverse displacements of the system and the
shear deformation of the ®bers are neglected.
Therefore, the relevant material properties are the
axial Young's modulus of the ®bers and matrix, Ef

and Em, and the axial shear modulus of the matrix,
Gm. As indicated on Fig. 1, both the ®ber and
matrix are subjected to the same far ®eld strain e.

The ®rst step in the analysis is to create a ®nite
element model of the composite system. Fig. 2
shows a segment of the mesh, representing a re-
peating cell in the composite system which is in®-
nite in both the transverse and axial directions (or
n and x directions, respectively). The ®bers are
represented by one dimensional axial springs with
sti�ness, EfAf=Dx, where Af �Dt, and the matrix

region between any two consecutive ®ber elements
is represented by a pair of rectangular ®nite ele-
ments. Since the transverse displacements are ne-
glected, each element has four degrees of freedom.
Fig. 3 shows the numbering scheme for the model,
wherein ®ber node n,i and matrix node n,i are
representative nodes for all of the ®ber and matrix
nodes, respectively. The integer n ranges from ÿ1
to 1, and matrix node n is to the right of ®ber n.

The governing ®nite element equations for ®ber
and matrix node n in Fig. 2 are the same as those
for all other similar nodes. For ®ber node n,i, the
governing equation is

Fig. 1. The 2D unidirectional ®ber composite model considered

in this study, containing a transverse row of N contiguous ®ber

breaks and M�N + 1 broken matrix regions. In other words,

the two ``crack-tip'' matrix regions, i.e., the two matrix regions

between the end broken ®bers and ®rst intact ®bers, are broken,

which corresponds to the case (ii) examined in Section 5.

Fig. 2. The representative ®nite element mesh modeling the 2D

®ber composite.
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and for matrix node n,i, the governing equation is
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where U is the axial displacement of a ®ber node
(with superscript f) or matrix node (with super-
script m) at the location denoted by the subscript.
The Kpq's, p; q � 1; . . . ; 4, are the sti�ness values
for the matrix element as determined using the
principle of virtual work and the ®nite element
method (e.g., Cook et al., 1974). Fig. 3 shows the
numbering scheme for the matrix element. The
sti�ness term Kpq represents the force on matrix
node p when matrix node q is given a unit dis-

placement and all other nodes have zero dis-
placement. These sti�ness values are

K11 � K22 � K33 � K44 � 1

6

EmWt
Dx
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GmtDx
W
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Dividing Eqs. (1a) and (1b) by Dx and using the
following two di�erence identities as Dx goes to
zero,

d2Un

dx2
� Un;i�1 ÿ 2Un;i � Un;iÿ1

Dx2
; �3a�

Un � 1

3
Un;i�1� � Un;i � Un;iÿ1�; �3b�

the model is made continuous in the x direction.
This procedure transforms the set of algebraic ®-
nite element equations, Eqs. (1a) and (1b), into a
set of coupled ordinary di�erential equations
governing the axial displacements of the ®bers and
matrix, which become
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�
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Ef Af

�
d2U f
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dx2
� 1

12
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for ®ber node n and

1

3
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Ef Af

d2Um
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dx2
� 1

12

EmAm

Ef Af

d2U f
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dx2

 
� d2U f

n�1

dx2

!

� 2
Gm

Ef

t
WAf

U f
n

ÿ � U f
n�1 ÿ 2U m

n

�
� 0 �4b�

for matrix node n. In Eqs. (4a) and (4b) Am, the
cross-sectional area of the matrix between two
consecutive ®bers, has replaced the product Wt. In
a manner analogous to Hedgepeth (1961), non-
dimensional lengths n, displacements u, and
stresses r (or strains e) are de®ned as

Fig. 3. The numbering scheme used to determine sti�ness ma-

trix Kpq for a matrix material element.
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attaching for � the appropriate superscripts f or m
to u and r and corresponding subscript f or m to
E. We also introduce a dimensionless ratio, q,
which is the ratio of the axial sti�ness of the matrix
to the axial sti�ness of the ®ber, i.e.,

q � EmAm

Ef Af

: �7�

With these normalizations, the governing equa-
tions become
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!
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n
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n
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Notably in normalized form, Eqs. (8a) and (8b)
only contain one material system parameter, q.

As in all shear-lag analyses, this model provides
the average axial stress over the ®ber cross-section
and average shear stress between adjacent ®ber
and matrix nodes. The shear strain, cn;n, and stress,
sn;n, in the left half of any matrix region n is

cn;n �
2 U m

n ÿ U f
n

� �
W

; �9a�

sn;n � Gmcn;n �9b�
and the shear strain, cn;n�1, and stress, sn;n�1, in the
right half of matrix region n is

cn;n�1 �
2�U f

n�1 ÿ Um
n �

W
; �9c�

sn;n�1 � Gmcn;n�1: �9d�

However, when q� 0, the average shear strain
cn(x) and stress sn(x) between two adjacent ®ber
nodes are

cn �
U f

n�1 ÿ U f
n

� �
W

; �9e�

sn � Gmcn: �9f�
The non-dimensional forms for the shear strains
and stresses, Eqs. (9a)±(9f), are

ĉ � 1

2

�������
Gm

Ef

r �����
Wt
Af

r
c
e
; �10a�

ŝ � 1

2

�������
Gm

Ef

r �����
Wt
Af

r
s

Gme
; �10b�

which result in the following relationships between
the normalized matrix shear strains, shear stresses,
and ®ber and matrix displacements:

ĉn;n � ŝn;n � um
n ÿ uf

n; �11a�

ĉn;n�1 � ŝn;n�1 � uf
n�1 ÿ um

n ; �11b�
when q 6� 0 and

ĉn � ŝn � 1

2
uf

n�1

ÿ ÿ uf
n

�
; �11c�

when q � 0.

3. Single break solutions

In this in¯uence superposition technique, there
are two separate unit solutions, which can be ob-
tained by solving Eqs. (8a) and (8b) with the ap-
propriate boundary conditions. The ®rst one is the
displacement and stress redistribution due to a
single ®ber break at ®ber n� 0 and n� 0, and the
other is the displacement and stress redistribution
due to a broken matrix region at n� 0 at n� 0.
Both problems are solved ®rst by assuming a unit
displacement is applied to each side of the (matrix
or ®ber) break in opposite directions, and the ap-
plied strain at in®nity, e, in both the ®ber and
matrix is zero. Once these two non-trivial prob-
lems are solved, a uniform strain e is superimposed
to obtain the ®nal solution, with far ®eld strain e
and traction-free breaks. To distinguish between
these two solutions, termed `auxiliary' solutions,
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from the ®nal solution under a uniform far ®eld
strain (and no axial stress at the breaks), the
symbols vf

n and vm
n are used for the normalized ®ber

and matrix displacements, respectively, in the sin-
gle ®ber break problem, and wf

n and wm
n are used in

the single broken matrix problem. The symbols uf
n

and um
n are reserved for the ®nal solution devel-

oped in Section 4. Accordingly, Eqs. (8a) and (8b)
become the governing set of equations for the
displacements in the ®rst auxiliary problem by
replacing uf

n and um
n by vf

n and vm
n . For the ®rst

problem of a single break in ®ber n� 0 at n� 0, the
boundary conditions are

vf
n 0� � � 1 for n � 0; �12a�

vf
n 0� � � 0 for n 6� 0; �12b�

vm
n 0� � � 0 for all n; �12c�

dvf;m
n

dn
1� � � 0 for all n �12d�

for q > 0 and n P 0. The system of equations for
the second problem of a matrix break are the same
as Eqs. (8a) and (8b) but with wf

n and wm
n in place

of uf
n and um

n . The boundary conditions for this
problem are

wf
n 0� � � 0 for all n; �13a�
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n 0� � � 1 for n � 0; �13b�

wm
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n

dn
1� � � 0 for all n �13d�

for q > 0 and n P 0. The method of solution is the
same for both problems and thus, is described in
detail for the single ®ber break problem only,
Eqs. (12a)±(12d).

To obtain the solution to the ®ber break
problem for vf

n and vm
n , the ®rst step is to apply the

following discrete Fourier transform to Eqs. (8a)
and (8b),

�v� n; h� � �
X1

n�ÿ1
v�neÿinh; �14�

attaching for � appropriate superscripts f or m
depending on the case. Later, the associated in-
verse transform will be applied to regain depen-
dence on n,

v�n n� � � 1

2p

Zp
ÿp

�v� n; h� �einh dh: �15�

Applying Eq. (14) to Eqs. (8a) and (8b) and add-
ing the equations together yields two coupled
governing equations for the transformed variables
�vf and �vm,
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where a � 1� eÿih and b � 1� eih. The boundary
conditions, Eqs. (12a)±(12d), transform to

�vf 0; h� � � 1; �17a�
�vm 0; h� � � 0; �17b�

o�vf

on
1; h� � � 0; �17c�

o�vm
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1; h� � � 0: �17d�

Eqs. (16a) and (16b) represent a system of coupled
ordinary di�erential equations, whose solution can
be obtained using well-known procedures (e.g., See
Nagle and Sa�, 1986). Applying boundary condi-
tions (17), the transformed solution for nP 0 is

�vf n; h� � � 1

2v
v�f ÿ 1�exp � ÿ gk1n�

� v� � 1�exp � ÿ gk2n�g; �18a�

�vm n; h� � � ÿ v2 ÿ 1� �
vaq

exp �f ÿ gk1n�
ÿ exp � ÿ gk2n�g; �18b�

where

k2
1 �

q
3

2
� � cos2�h=2��� 1� v; �19a�

k2
2 �

q
3

2
� � cos2�h=2��� 1ÿ v; �19b�

v �
����������������������������������������������������������������
q2 cos2�h=2� � 2qcos2�h=2� � 1

p
; �19c�
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g � 72

12q�1� q=3� ÿ q2 cos2�h=2� �19d�

for q > 0. To re-gain dependence on n, the inverse
transform Eq. (15) is applied to Eqs. (18a) and
(18b). Then the solution for the full plane,
ÿ1 < n <1, is constructed by noting that the
displacements are antisymmetric about n� 0.
Therefore, for ÿ1 < n <1, n is replaced with |n|,
and the function sgn(n) is used to account for the
asymmetry in the displacements. The normalized
®ber and matrix displacements due to a single
broken ®ber are

vf
n�n� �

sgn�n�
2p

Zp
0

cos�nh�
v

�vf ÿ 1�exp � ÿ gk1jnj�
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v

� exp �f ÿ gk1jnj�
ÿ exp � ÿ gk2jnj�g dh; �21�

where sgn(n)� 1 when n P 0� and sgn(n)�ÿ1
when n6 0ÿ. Note that c, k1, k2, and v are all pos-
itive, and since these are also even functions in h, the
imaginary part introduced by the inverse transform
is zero. The normalized ®ber and matrix stresses
pf;m

n �n� for the single ®ber break problem are

pf
n�n� � ÿ

1

2p

Zp
0

gcos�nh�
v

k1�vf ÿ 1�exp � ÿ gk1jnj�

� k2�vÿ 1�exp � ÿ gk2jnj�g dh; �22�

pm
n n� � � q� 2

4p

Zp
0

g cos nh� � � cos n� 1� �h� �f g
v

� k1 exp �f ÿ gk1jnj�
ÿ k2 exp � ÿ gk2jnj�g dh: �23�

Returning now to the second problem of a single
broken matrix node, the resulting normalized ®ber
and matrix tensile displacements wf ;m

n �n� and
stresses qf;m

n �n� are

wf
n�n� � ÿ

sgn�n�q
4p

Zp
0

cos�nh� � cos nÿ 1� �h� �
v

� exp �f ÿ gk1jnj� ÿ exp � ÿ gk2jnj�g dh;

�24�

wm
n �n� �

sgn�n�
2p

Zp
0

cos�nh�
v

v�f � 1�exp � ÿ gk1jnj�

� v� ÿ 1�exp � ÿ gk2jnj�g dh; �25�

qf
n�n� �

q
4p

Zp
0

gfcos�nh� � cos ��nÿ 1�h�g
v

� fk1 exp �ÿgk1jnj� ÿ k2 exp �ÿgk2jnj�g dh;

�26�

qm
n �n� � ÿ

1

2p

Zp
0

gcos�nh�
v

k1�vf � 1�exp � ÿ gk1jnj�

� k2�vÿ 1�exp � ÿ gk2jnj�g dh; �27�
for q > 0. As before where g, k1, k2, and v are
de®ned in Eqs. (16a) and (16b).

Since these solutions are translation invariant,
the solution for an arbitrarily located ®ber break
at �nj; nj� or matrix break at �nk; nk� is obtained by
simply shifting n and n in Eqs. (20)±(23) by ÿnj

and ÿnj, respectively, or n and n in Eqs. (24)±(27)
by ÿnk and ÿnk. These shifted solutions will be
used frequently in Section 4 describing the stress
analysis for multiple ®ber and matrix breaks in any
given con®guration.

4. In¯uence superposition technique for multiple

breaks

In this section, we describe how these two
elastic shear-lag solutions, derived in Section 3,
one due to a single ®ber break and the other due to
a single matrix break, are used to calculate the ®-
ber and matrix axial stresses and strains and ma-
trix shear stresses given q due to any number and
arbitrary arrangement of broken ®bers and matrix
regions. Boundary conditions for this general
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problem of multiple break sites are zero stress at
all broken sites and a far ®eld strain e.

Suppose there are N ®ber breaks, where the jth
®ber break is located on a ®ber at �nj; nj�,
j � 1; . . . ;N , and there are M matrix breaks where
the kth matrix break is centered in a matrix region
at �nk; nk�, k � 1; . . . ;M . The stress at any ®ber
position (n, n), is

rf
n n� �
Efe

� ef
n n� �
e

� 1� 1

2

XN

j�1

xf
jp

f
nÿnj

n
ÿ ÿ nj

�
� 1

2

Xm

j�1

xm
j qf

nÿnk
n� ÿ nk�; �28�

where the xf 's are weighting factors for ®ber
breaks and xm's are the weighting factors for
matrix breaks. Similarly, the axial stress along the
center of a matrix region (n,n), is

rm
n �n�
Eme

� em
n �n�
e

� 1� 1

2

XN

j�1

xf
jp

m
nÿnj
�nÿ nj�

� 1

2

XM
j�1

xm
j qm

nÿnk
n� ÿ nk�: �29�

Physically, the weighting factor, say xf
j for ®ber

break j, is the crack opening displacement of ®ber
break j. The N unknown xf

j's and M unknown
xm

k 's are determined from the knowledge that the
axial stress at each break site is zero, i.e.,

rf
nj

Efe
nj

ÿ � � 0 for j � 1; . . . ;N ;

rm
nk

Eme
nk� � � 0 for k � 1; . . . ;M :

�30�

Combining Eqs. (28)±(30) leads to N + M equa-
tions for the N + M weighting factors.

The ®rst step is to determine from the two single
break solutions, pf

n�n�, qf
n�n�, pm

n �n�, and qm
n �n�, the

axial stresses transmitted between all pairs of ®ber
and matrix breaks. Accordingly, these in¯uence
functions will depend on the distance between the
relevant ®ber or matrix breaks. From the single
®ber break problem, the in¯uence function, Kij, is

de®ned as the normalized axial stress transmitted
onto ®ber break i at �ni; ni� due to a unit opening
displacement of ®ber break j at �nj; nj�. Speci®-
cally, using Eq. (22), Kij is

Kij � 1

2
pf

niÿnj
ni

ÿ ÿ nj

�
: �31�

Note that Kji�Kij. Similarly, Xkj is de®ned as the
normalized axial stress transmitted onto matrix
region k at �nk; nk� due to a unit opening dis-
placement of ®ber break j at �nj; nj�. Using
Eq. (23), Xkj is

Xkj � 1

2
pm

nkÿnj
nk

ÿ ÿ nj

�
: �32�

Turning now to the single matrix break problem,
Uil is de®ned as the normalized axial stress trans-
mitted onto ®ber break i at �ni; ni� due a unit
opening displacement at matrix break l at �nl; nl�.
Using Eq. (26), Uil is

U � 1

2
qf

niÿnl�ni ÿ nl�: �33�
Lastly, Wkl is de®ned as the normalized axial stress
transmitted to matrix break k at �nk; nk� due to a
unit opening displacement of matrix break l at
�nl; nl�. Speci®cally, using Eq. (27), Wkl is

Wkl � 1

2
qm

nkÿnl�nk ÿ nl�: �34�
Once the in¯uence functions are determined for a
given set of broken ®ber and matrix sites, the next
step is to solve for the proper weighting factors xf

j
corresponding to the ®ber breaks and xm

k corre-
sponding to the matrix breaks, such that there
exists zero stress at all broken sites (i.e., Eq. (30)).
So for N ®ber breaks and M matrix breaks, the
following system of N + M equations is solved for
the Nxf

j's and Mxm
k 's,

K U
X W

� �
xf

xm

� �
� ÿ1
ÿ1

� �
: �35�

In this N + M system of equations, xf is an N-
dimensional vector, xm is an M-dimensional vec-
tor, and K , X, U, and W have dimensions N ´ N,
M ´ N, N ´ M, and M ´ M, respectively. The
matrices K and W are symmetric. The N + M di-
mensional vector on the right-hand side of
Eq. (35) is simply a vector ®lled with ÿ1's. Also

I.J. Beyerlein, C.M. Landis / Mechanics of Materials 31 (1999) 331±350 339



the square matrix in Eq. (35) is negative de®nite.
The proof of this fact is similar to proving that a
®nite element sti�ness matrix is positive de®nite.

Here we point out one of the main advantages
of this technique: the computation time involves
solving for the weighting factors in Eq. (35), which
only depends on the number of damaged elements
in the lamina, and calculating the ®ber and matrix
and displacements using Eqs. (28), (29), (36) and
(37). In the present work, these weighting factors
are determined by Gaussian elimination. However,
if this method is used to study failure progression
(i.e., accumulation of damage with increasing ap-
plied strain), Eq. (35) needs to be solved repeat-
edly and is suited for an inversion by matrix
partitioning scheme (Press et al., 1992).

With the weighting factors xf and xm solved for
in Eq. (35), the ®ber and matrix axial stresses for
any n and at any axial distance n are simply cal-
culated using Eqs. (28) and (29). Similarly, the
normalized ®ber and matrix displacements, uf

n�n�
and um

n �n�, are

uf
n�n� � n� 1

2

XN

j�1

xf
jv

f
nÿnj

n
ÿ ÿ nj

�
� 1

2

XM
k�1

xm
k wf

nÿnj
n� ÿ nk�; �36�

um
n �n� � n� 1

2

XN

j�1

xf
jv

m
nÿnj

n
ÿ ÿ nj

�
� 1

2

XM
k�1

xm
k wm

nÿnj
n� ÿ nk�: �37�

Lastly, the normalized matrix shear stresses and
strains can be calculated by substituting Eqs. (36)
and (37) into Eqs. (11a)±(11c).

Since the aforementioned in¯uence functions
for axial stresses and displacements are a function
only of the relative break locations, jni ÿ njj and
jni ÿ njj, they can be integrated numerically be-
tween the desired values of jni ÿ njj and jni ÿ njj
and stored prior to performing calculations. Later,
when the break positions are speci®ed, these values
for the in¯uence functions are accessed using an
interpolation routine when calculating for the
weighting factors in Eq. (35) and the resulting

stress and displacement ®elds, Eqs. (28), (29), (36)
and (37). Speci®cally, the in¯uence functions
are evaluated numerically using a fourth-order
Runge±Kutta routine (Press et al., 1992).

For illustration, this technique is used to ex-
amine various cases involving a `crack' or cluster
of broken ®bers and matrix, transversely aligned
along the n� 0 plane as shown in Fig. 1. On the
right side of the crack in Fig. 1, the intact ®bers
starting from the ®rst surviving ®ber ahead of the
last broken one (®ber n� (Nÿ1)/2) are numbered
s � 1; . . . ;1. For a crack containing N ®ber
breaks, all ®bers in the range ÿ�N ÿ 1�=26
n6 �N ÿ 1�=2 are broken. For instance, when
N� 301, ®bers n�ÿ150 through n� 150 are bro-
ken, and when N� 1, we have a single break, and
only ®ber n� 0 is broken. In most of the examples,
two subcases are examined: case (i) only the matrix
regions between two broken ®bers are broken and
case (ii) in addition to those broken in case (i), the
two ``crack-tip'' matrix regions between the last
broken ®ber and ®rst intact ®ber are broken as
well. (Case (ii) is illustrated in Fig. 1). Therefore
when N� 301, M� 300, and matrix regions
n�ÿ150 through n� 149 are broken in case (i),
and M� 302, and matrix regions n�ÿ151
through n� 150 are broken in case (ii). Likewise,
when N� 1, M� 0 in case (i) and M� 2, where
matrix regions n�ÿ1 and 0 are broken in case (ii).
The Hedgepeth model, which corresponds to the
q� 0 results in the present model, does not dif-
ferentiate between broken or unbroken crack-tip
matrix regions.

These special cases ranging from a single break
to large central cracks are considered for the in-
sight they give and for comparison with other
theoretical work (thus far restricted to such ide-
alized con®gurations) and in-plane 2D linear
elasticity. However, in using this technique, com-
putation time would be the same if these breaks
were spatially dispersed in any arbitrary arrange-
ment. Such cases will naturally be considered
when incorporating this technique in failure sim-
ulations and crack-tip studies in composites.
Subsequent computations for results to follow
take from less than a few minutes to at most half
an hour on a workstation (e.g., Silicon Graphics,
Inc. O2TM).

340 I.J. Beyerlein, C.M. Landis / Mechanics of Materials 31 (1999) 331±350



5. Results

Results, as predicted by this shear-lag model,
are presented, for the ®ber and matrix stresses
around a single break and cracks from cases (i)
and (ii) described previously. Though q can range
from 0 to 1, we focus our investigation on the
more practical range of 06 q6 2. Low values of q
best represent high Vf PMCs (e.g., q� 0.01, when
Em/Ef � 1/100 and Am/Af � 1); whereas high values
of q represent low Vf CMCs (e.g., q� 2.00, when
Em/Ef � 1/2 and Am/Af � 4). Cracks are represent-
ed by a transverse row of contiguous ®ber and
matrix breaks, wherein the number of ®ber breaks
ranges from N� 1 to N� 301 (see Fig. 1).

5.1. Crack-tip stress concentrations

In this section, we focus on two parameters,
which are often used to quantify stress transfer; the
crack-tip stress concentrations and overstress
transfer length, xc, (or nc in normalized form). The
latter is de®ned as the axial distance from n� 0 to
where the local ®ber stress is greater than the far
®eld stress along the ®rst broken ®ber (s� 1).

Axial stress concentrations in the ®ber and
matrix, rf

n�n�=Efe and rm
n �n�=Eme, computed di-

rectly from Eqs. (28) and (29) are normalized by
the far ®eld stress in their respective phase. To
normalize both the local ®ber and matrix axial
stresses by the composite far ®eld stress, Ee, the
following relationships are used,

Vfrf
n�n�

Ee
� 1

q� 1

rf
n�n�
Efe

; �38�

1ÿ Vf� �rm
n �n�

Ee
� q

q� 1

rm
n �n�
Eme

�39�

for q P 0. In Eqs. (38) and (39), E is the overall
composite axial sti�ness de®ned by the rule of
mixtures, i.e., E�VfEf + (1 ÿ Vf )Em. When
q� 0, only the ®bers sustain axial stress, and the
results reduce to those of Hedgepeth's 2D shear-
lag model (1961).

Table 1 shows the values for the axial stresses
normalized by the composite far ®eld stress,
Eqs. (38) and (39), in the ®rst surviving ®ber
(s� 1) adjacent to a row of N breaks for di�erent

N and q in the range 0±2. In calculating values
listed in Table 1, the crack-tip matrix regions are
intact and so M�N ÿ 1. As shown, the ®ber
stress decreases and the matrix stress increases as q
increases for all N. Also, as N increases, the rate of
change of the stress concentrations to increases in
q also increases, but at a decaying rate. Further-
more, results in Table 1 shows that as both N and
q increase, it is possible for (1 ÿ Vf )rm > Vfrf .

Values shown in Table 1 are calculated assum-
ing that the matrix regions between the last broken
and ®rst intact ®ber at both ends are intact (i.e.,
case (i)). Clearly as q increases and the stress
concentrations in this matrix region increase, it
becomes likely that this matrix region could break,
especially if its failure strain is comparable to that
of the ®ber. Results from this shear-lag model
show signi®cant di�erences in stress redistribution
when these ``crack-tip'' matrix regions are broken
(e.g. see Fig. 1) versus when they are fully intact.
This is shown in Fig. 4 which plots the ®ber stress
concentration at n� 0 on the ®rst intact ®ber
ahead of N� 1 or 2 ®ber breaks versus q for case
(i) and (ii). As seen in Fig. 4, when the crack-tip
matrix regions are intact, case (i), the stress con-
centration rf

n�0�=Efe in the ®rst intact ®ber
monotonically decreases with q. When they are
broken, case (ii), this stress increases with q due to
the additional load transferred from the broken
matrix. However as q increases, the portion of the
total applied stress Ee sustained by the ®bers de-
creases, and thus, the ®ber stress, Vfrf

n�0�=Ee, de-
creases with q, in both cases (i) and (ii) for all N.
Also Vfrf

n�0�=Ee remains higher in magnitude in
case (ii), than that in the intact matrix case (i) for
all values of q and N.

5.2. Overstress transfer length

In the case of q� 0, the overstress length xc

depends on the square root of the ®ber axial and
matrix shear modulus ratio and the ®ber volume
fraction and in normalized form nc, (5), is �1.05
for a single break. However when Em 6� 0, nc may
grow much longer. This behavior is demonstrated
in Fig. 4 which also shows the increases in nc with
increases in q when N� 1 and the crack-tip matrix
regions are intact (solid triangles). When the
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Table 1

Stress concentration factors (normalized by far ®eld composite stress) in the ®rst ®ber and matrix region ahead and in-line of a row of

N ®ber breaks (and M�N ÿ 1 matrix breaks) for various values of q

q Vfrf
n�0�=Ee Vmrm

n �0�=Ee eH
N �0�=e, Eq. (41)

N� 1 0.00 1.333 0.000 1.253

0.01 1.269 0.134

0.05 1.090 0.291

0.10 1.199 0.403

0.50 0.741 0.786

1.00 0.535 0.976

2.00 0.349 1.141

N� 2 0.00 1.600 0.000 1.535

0.01 1.510 0.201

0.05 1.448 0.437

0.10 1.274 0.601

0.50 0.847 1.146

1.00 0.610 1.406

2.00 0.917 1.627

N� 21 0.00 4.180 0.000 4.157

0.01 3.897 0.687

0.05 3.510 1.486

0.10 3.208 2.036

0.50 2.069 3.811

1.00 1.465 4.628

2.00 0.929 5.311

N� 51 0.00 6.406 0.000 6.391

0.01 5.965 1.074

0.05 5.366 2.322

0.10 4.902 3.181

0.50 3.163 5.947

1.00 2.230 7.218

2.00 1.413 8.280

N� 101 0.00 8.961 0.000 8.950

0.01 8.342 1.513

0.05 7.501 3.272

0.10 6.850 4.480

0.50 4.401 8.706

1.00 3.113 10.167

2.00 1.970 11.653

N� 201 0.00 12.602 0.000 12.586

0.01 11.728 2.135

0.05 10.546 4.618

0.10 9.627 6.322

0.50 6.183 11.812

1.00 4.374 14.338

2.00 2.767 16.435

N� 301 0.00 15.403 0.000 15.401

0.01 12.890 2.613

0.05 13.535 5.652

0.10 11.765 7.736
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crack-tip matrix regions are broken, nc also in-
creases with q, but at a much slower rate. For
instance, for q� 0.1, nc� 1.11 in case (i) and
nc� 1.07 in case (ii) and for q� 1.0, nc� 1.48 in
case (i) and nc� 1.24 in case (ii). As in Hedgepeth's
shear-lag model, the overstress region is longer in
®bers farther from the break or crack-tip. Simi-
larly, the overstress length in the matrix nm

c grows
with q and in case (i), nm

c < nc. Nevertheless, these
trends in nc show that although the actual ®ber
stress may decrease as q increases, the length of
®ber susceptible to fracture increases. This can
lead to important trade-o�s with respect to the
statistics of ®ber strength and resulting ®ber frac-
ture pattern. Trends similar to those illustrated in
Fig. 4 arise for larger N as well.

The behavior of ®ber stress concentrations and
nc with changes in q can also be seen in more detail
in Fig. 5. Fig. 5 shows the longitudinal axial ten-
sile stress pro®les along the ®rst intact ®ber
neighboring a single ®ber break with (a) intact
surrounding matrix regions and (b) broken matrix

regions. Another marked di�erence between these
two cases, not noted earlier, is that in case (i) the
maximum stress concentration occurs a distance
away from the break plane n� 0. The location of
this maximum, n�, moves further from the break
plane as q increases. This rise and fall in the
®ber stress pro®le is also seen in many FEM
calculations (e.g., Nedele and Wisnom, 1994) and

Table 1 (Continued)

q Vfrf
n�0�=Ee Vmrm

n �0�=Ee eH
N �0�=e, Eq. (41)

0.50 7.555 14.454

1.00 5.344 17.547

2.00 3.379 20.107

Fig. 5. The ®ber axial stress pro®le along an intact ®ber im-

mediately adjacent to a single ®ber break at n� 0 for di�erent

values of q, when the (a) crack-tip matrix regions are intact and

(b) they are broken.

Fig. 4. The break plane (n� 0) ®ber stress concentration

rf
n�0�=Ef e (dashed and thin solid lines) and nc overstress transfer

length (thick solid line) versus q�Em/Ef for N� 1 and 2 breaks.

The dashed and thin solid lines correspond to case (i) where

crack-tip matrix regions are intact and case (ii) where the crack-

tip matrix regions are broken.
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in linear elasticity solutions (Sih, 1981). Many
have argued that this local rise in axial stress im-
mediately away from the crack plane is due to
local bending; however, in our case, there can be
no bending; only axial displacements and in-plane
matrix shear are realized.

To understand this behavior in accordance with
our model assumptions, we return to the govern-
ing equilibrium equations for matrix node n,
Eq. (8b). Using Eqs. (6b), (11a), (11b), we rewrite
Eq. (8b) to obtain the following relation between
the slope of the strain concentration in ®ber n + 1
and the slope of the strain concentration in matrix
n and ®ber n,

d�rf
n�1=Efe�
dn

� 24

q
�ŝn;n ÿ ŝn;n�1� ÿ 4

d rm
n =Eme

ÿ �
dn

ÿ d rf
n=Efe

ÿ �
dn

: �40�

Therefore the rise in rf
n�1 occurs for n when the

right-hand side of (40) is positive. When ®ber n is
broken and in case (i), the ®rst term on the right-
hand side does not change sign and is negative
over the length n� and the di�erence (ŝn;n ÿ ŝn;n�1�
decreases as q decreases. Also since ®ber n is
broken but matrix n is intact, drf

n�n�=dn > 0 and
drm

n �n�=dn < 0 for jnj > 0. Therefore, it is the
second term on the right-hand side of Eq. (40)
involving drm

n �n�=dn, which primarily contributes
to the rise in rf

n�1 for case (i). However in case (ii)
when both ®ber n and matrix n are broken, both
drm

n �n�=dn > 0 and drf
n�n�=dn > 0, and thus ac-

cording to Eq. (40), drf
n�1�n�=dn < 0 for jnj > 0.

Therefore as seen in Fig. 5(b), the local rise in
rf

n�1�n� does not occur.
Within one matrix region, Eqs. (11a) and (11b)

give the average normalized shear stress to the left
and right of matrix node n, or ŝn;n and ŝn;n�1, re-
spectively. Fig. 6 shows these shear stresses within
the (a) intact and (b) broken neighboring matrix
region adjacent to a single ®ber break for q� 0.01,
0.1, and 0.5. Also shown is ŝn (9e)±(9f), the nor-
malized shear stress in matrix n as calculated in the
Hedgepeth (1961) shear-lag model, which corre-
sponds to q� 0 in Fig. 6. From Eqs. (8a), (8b),
(9a)±(9f), (11a)±(11c), the relation between ŝn and
the present ŝn;n�1 and ŝn;n is ŝn�n� � ŝn;n�1�n� �

ŝn;n�n� as q! 0. In Fig. 6(a), the peak values at
n� 0 for ŝn (q� 0) and ŝn;n for q� 0.01, 0.10, and
0.50 are 0.7386, 0.6737, and 0.6357, respectively.
As shown in Fig. 6, in both cases (i) and (ii), as q
increases or as the matrix sustains more axial
tension, the di�erences in magnitude between ŝn;n�1

and ŝn;n close to the break plane n� 0 grow. Also
in Fig. 6, we ®nd that the highest shear stresses are
generated between a broken and intact node and
increase with q, while those between two intact or
two broken nodes are lower and decrease with q.
For instance in case (i), ŝn;n, the average shear
between the broken ®ber and intact matrix node,

Fig. 6. The normalized matrix shear stress along the matrix

region immediately adjacent to a single ®ber break at n� 0 for

di�erent values of q, when this (a) matrix region is intact and (b)

it is broken.
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grows higher than ŝn;n�1, the average shear between
two intact nodes. However in case (ii), ŝn;n now
between the broken matrix and ®ber nodes is re-
duced below ŝn;n�1 and decreases with q. Also in
case (ii), the maximum of ŝn;n and ŝn;n�1 occur
along the break plane n� 0, whereas in case (i),
ŝn;n�1 � 0 at n� 0, and achieves a maximum at an
axial distance away from the break plane. Similar
calculations show that these trends occur for
longer cracks, i.e., N > 1.

5.3. Crack plane stress concentrations

Fig. 7 shows the crack plane tensile stresses in
the ®bers and matrix ahead of a 301 ®ber break
crack for values of q ranging from 0 to 2. Both the
stress concentrations in the matrix and ®ber shown
in Fig. 7 are normalized by the stress concentra-
tion factor in the ®rst intact ®ber for the same
crack size from the original Hedgepeth model,
eH

N 0� �=e. For plotting purposes, the ®ber stresses
are located at s � 1; 2; . . . ; and the matrix stresses
are located at �sÿ 1=2�. Even for this relatively
large crack size of N� 301, these results show that

the in¯uence of q is more pronounced only within
the ®rst few ®bers and matrix regions (s < 3) and
gradually decays farther from the crack (s P 3).
Similarly Fig. 8 shows the crack plane tensile
stresses for various N for the two extreme values of
q considered in this study, q� 0 and q� 2. As
indicated, the ®ber and matrix strain concentra-
tions, Eqs. (28) and (29) are also normalized by
the strain concentration factor eH

N �0�=e, where
eH

N �0�=e is the strain concentration factor in the
®rst intact ®ber ahead of an array of N breaks for
q� 0 (i.e., the Hedgepeth limit).

For large values of N and q� 0, eH
N �0�=e in the

®rst intact ®ber ahead of a row of N breaks is well
approximated by (Beyerlein et al., 1996),

eH
N n � 0� �

e
�

���
p
p
2

������������
N � 1
p

; N > 0; �41�
which is analogous to the plane linear elasticity
stress intensity factor ahead of a central crack.
Eq. (41) proves to be very accurate as the error is
about 6% for N� 1, 4% for N� 2 and is below 1%
for N P 10, as shown in Table 1. Since
eH

N �0�=e �
����
N
p

, this normalization e�ectively scales
out the dependence on N for N P 101 in Fig. 8.
Also for ®xed q, Figs. 7 and 8 uncover the initial

Fig. 7. The crack plane tensile stresses ahead of a row of

N� 301 ®ber breaks for various values of q. On the horizontal

axis, the ®ber nodes are at integers s and matrix nodes between

®ber nodes s and s + 1 are at s + 1/2. On the vertical axis, the

®ber stress (open circles) and matrix stress (solid circles) are

normalized by the stress concentration factor, eH
N �0�=e, the

calculated stress concentration factor in the ®rst intact ®ber

ahead of N breaks in the case q� 0.

Fig. 8. The crack plane tensile stresses for various values of N

and for q� 0 (Hedgepeth 2D shear-lag model) and q� 2. On

the horizontal axis, the ®ber nodes are at integers s and matrix

nodes between ®ber nodes s and s + 1 are at s + 1/2. On the

vertical axis, the ®ber stress (open circles) and matrix stress

(solid circles) are normalized by the stress concentration factor,

eH
N �0�=e.
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reduction in the crack plane tensile stress decay
from the crack-tip with increases in q. Eventually
beyond s P 5 and for all N, the relative di�erences
between the decay behavior due to q become
negligible.

5.4. Comparison with linear elasticity for large
cracks

In this section, we study the performance of this
shear-lag model at much larger length-scales.
Speci®cally these results are compared to the
Mode I linear elasticity solution for an orthotropic
sheet containing a central crack of length 2c (Sih,
1981). In previous work, Beyerlein et al. (1996)
demonstrated, that the Hedgepeth shear-lag model
gives results for ®ber tension and matrix shear
consistent with this orthotropic continuum theory
in both the long range and local behavior, at the
length scale of the ®ber diameter. Good agreement
between the tensile stress was obtained given that
the crack occupied 2/3rds of the matrix region
¯anked between the last broken and ®rst intact
®ber. However, the matrix shear stresses did not
match so well, regardless of where the crack-tip
was positioned. Similar comparisons are made in
the framework of the present model with matrix
and ®ber nodes to see if agreement between shear
and tensile stresses improve.

In order to compare the results with linear
elasticity, composite properties used in this shear-
lag model need to be related to elastic properties,
EL, ET, mLT, and GLT, required for a transversely
isotropic continuum. For the axial sti�ness, EL�E
as before, where the rule-of-mixtures formula is
used, i.e., EL�E�VfEf + (1 ÿ Vf )Em. Also the
shear modulus of the ®ber is assumed in®nite and
therefore, for the in-plane composite shear mod-
ulus, GLT�Gm/(1 ÿ Vf ). In the present shear-lag
method, the transverse displacements are neglect-
ed, and therefore to be consistent with this as-
sumption, we set the overall composite transverse
sti�ness, ET, to in®nity and mLT� 0. Second, we
de®ne the central crack 2cN consisting of a row of
N breaks in the composite lamina corresponding
to the continuum crack 2c. In doing so, we con-
sider the case where the crack-tip matrix regions
are broken, and therefore, the crack extends up to

the 1st intact ®ber s� 1, as shown in Fig. 1. The
composite crack is represented as

2cN � N� ÿ 1� W� � D� � 2
D
2

�
� W

�
�42�

for N P 1.
Figs. 9±11 compare the ®ber and matrix tensile

strain concentrations ef
n�x�=e and em

n �x�=e predicted
by this shear-lag method and �exx=e predicted by
linear elasticity versus x, for N� 301 and intact
®ber and matrix regions, s� 1 (n� 151) and s� 2
(n� 152). In the latter model, we average �exx=e over
the speci®ed ®ber or matrix region. Strain pro®les
in Figs. 9 and 10 are calculated using properties
typical of a metal matrix ®ber composite, where
Vf � 0.5 (W�D� 10 lm), Em� 134 GPa, Ef � 400
GPa, and thus, q� 1/3. Results in Figs. 11 and 12
are calculated for a typical polymer matrix ®ber
composite, where Vf � 0.5 (W�D� 10 lm),
Em� 2.05 GPa, Ef � 98 GPa and thus, q� 0.0208.
In all cases, the average linear elasticity pro®les
achieve excellent agreement with the correspond-
ing present shear-lag model axial pro®les evaluated

Fig. 9. Comparison between the ®ber strain concentration

pro®les along the ®rst (s� 1) and second (s� 2) intact ®ber

ahead of N� 301 ®ber breaks (and M�N + 1 matrix breaks)

and q� 1/3 (typical value for metal matrix ®ber composite

properties) as predicted by linear elastic fracture mechanics

(dashed lines) and the present matrix sti�ness shear-lag model

(solid line). To be consistent with the shear-lag model, we as-

sumed in the plane linear elasticity solution that the overall

transverse sti�ness is in®nite. The linear elasticity pro®les

shown are averaged over the speci®ed ®ber diameter.
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at ®ber or matrix nodes with agreement improving
as q decreases. For the same polymer matrix
composite system, the normalized shear stresses in
the ®rst, second, and third intact matrix regions as
predicted from linear elasticity and the present
shear-lag model are compared in Fig. 12. Both
sn;n=Ee and sn;n�1=Ee are shown for the shear-lag
model and achieve much better agreement with the
linear elasticity predictions �s=Ee, averaged over the
matrix region, than the original Hedgepeth model.
Based on several similar calculations, we expect
similar agreement for all values of N P 100 and for
a large range of q.

6. Conclusions

The shear-lag model and in¯uence superposi-
tion technique developed here is an e�cient com-
putational tool for computing ®ber and matrix
stresses in simulations of ®ber composites under
tension or compression. Speci®cally, it has been
formulated to compute axial stresses and

Fig. 10. Comparison between the matrix strain concentration

pro®les along the ®rst (s� 1) and second (s� 2) intact matrix

regions ahead of N� 301 ®ber breaks (and M�N + 1 matrix

breaks) and q� 1/3 (typical value for metal matrix ®ber com-

posite properties) as predicted by plane linear elasticity (dashed

lines) and shear-lag (solid line). To be consistent with the shear-

lag model, we assumed in the plane linear elasticity solution

that the overall transverse sti�ness is in®nite. The linear elas-

ticity pro®les shown are averaged over the speci®ed matrix re-

gion.

Fig. 11. Comparison between the ®ber strain concentration

pro®les along the ®rst (s� 1) and second (s� 2) intact ®ber

ahead of N� 301 ®ber breaks (and M�N + 1 matrix breaks)

and q� 0.0208 (typical value for polymer matrix ®ber com-

posite properties) as predicted by plane linear elasticity (dashed

lines) and shear-lag (solid line). To be consistent with the shear-

lag model, we assumed in the plane linear elasticity solution

that the overall transverse sti�ness is in®nite. The linear elas-

ticity pro®les shown are averaged over the speci®ed ®ber di-

ameter.

Fig. 12. Comparison between the matrix shear stress concen-

tration pro®les along the ®rst, second, and third intact matrix

regions ahead of N� 301 ®ber breaks (and M�N + 1 matrix

breaks) and q� 0.0208 (typical value for polymer matrix ®ber

composite properties) as predicted by plane linear elasticity

(dashed lines) and shear-lag (solid line). To be consistent with

the shear-lag model, we assumed in the plane linear elasticity

solution that the overall transverse sti�ness is in®nite. The lin-

ear elasticity pro®les shown are averaged over the speci®ed

matrix region.
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displacements in both the ®ber and matrix around
interacting, multiple ®ber and matrix breaks in any
general arrangement. Since computation time is
tied to the number of breaks rather than composite
size, it can provide quick recalculation in failure
simulations as breaks occur and cracks form and
extend, while retaining the physics at the micro-
scale.

These results show a signi®cant dependence on
the ®ber-to-matrix sti�ness ratio, q�EmAm/EfAf ,
which couples the e�ects of two factors: the rela-
tive sizes and relative axial moduli of the ®ber and
matrix. These two e�ects are not captured in the
original Hedgepeth shear-lag model, which corre-
sponds to q� 0. The results presented here are
computed for values of q in the range 0±2. In in-
vestigating the in¯uence of q on stress transfer, we
examined stress distributions produced by trans-
verse cracks of various lengths N and studied two
cases: case (i) where the matrix regions between the
two broken ®bers at the ends of the crack and the
®rst intact ®ber were intact and case (ii) where they
were broken. In both cases, the peak ®ber stress
concentrations decrease and peak matrix stress
concentrations increase as q increases for all N.
Also, as the numbers of ®ber breaks N increases,
the change in peak stress concentration with
change in q increases. However, even for the
largest crack size studied here (N� 301), the rela-
tive di�erences in stress concentrations resulting
from changes in q diminish beyond a few ®bers
ahead of the crack-tip. The results also show that
signi®cant di�erences in ®ber stress occur between
cases (i) and (ii). Apart from lower ®ber stress
concentrations, case (i) also leads to larger over-
stress lengths and a local rise in the ®ber stress
away from the break plane. Lastly, the ®ber and
matrix axial stress pro®les obtained from linear
elasticity and the present shear-lag model are
compared. We ®nd that the ®ber and matrix axial
stresses, and most signi®cantly, the matrix shear
stresses, predicted by this shear-lag model are
consistent with those calculated by orthotropic
linear elasticity (assuming ET � 1) and averaged
across the corresponding ®ber or matrix region.

The model developed by Ochiai et al. (1991) also
yields similar results for ®ber stress as seen in
Fig. 4. However, in their formulation, the ®ber

strain in ®bers beyond a ®xed number (i.e., �9 ®-
bers) was assumed to be uniform. We ®nd that their
values are slightly higher than our predictions when
the matrix is cut and slightly lower than our pre-
dictions when the matrix is intact. Similarly, com-
pared to results from Rossettos and Shishesaz
(1987) for q� 0.176 (or e� 0.088� q/2 in their
work), and for a row of N breaks with broken
crack-tip matrices within a 21 ®ber composite, our
results are slightly lower, with di�erences increasing
with N. Lastly, trends seen in Fig. 4 are in agree-
ment with recent peizospectroscopic measurements
of ®ber stress in situ in model composites, which
show that as the inter®ber spacing increases (or as q
increases), the crack plane stress concentration in
the immediate neighboring ®ber decreases (Wagner
et al., 1996; van den Heuvel et al., 1997; He et al.,
1998; Beyerlein et al., 1998a, b).

For any value of qP 0, the present model can
potentially treat a wide variety of composite ma-
terial systems. One broad application would be for
modeling failure in ceramic matrix and metal
matrix composites with relatively strong interfaces
and little or no interface debonding or matrix
plasticity, such that failure evolution is dominated
by multiple cracking of the matrix and ®bers. In
order to simulate the failure of a composite with a
shear-lag model like the one presented here, po-
tential failure sites must be placed along the ®bers
and matrix and their `strengths' assigned. As uni-
form stress is applied to the composite, the site
with the smallest strength will fail ®rst, and stresses
will be redistributed according to the shear-lag
model stress analysis. The local stresses are then
compared to the strengths at all other failure sites
to see if they are overloaded. If sites are over-
loaded then they are broken and the stress is again
redistributed. When no remaining sites are over-
loaded, then the far ®eld stress is incremented and
the process repeated until the composite reaches a
maximum applied stress. For more detailed algo-
rithms, see the works of Beyerlein and Phoenix
(1997), Ibnabdeljalil and Curtin (1997), and
Landis et al. (1998a, b). Finally with respect to
more realistic modeling of composites, it is possi-
ble to develop a similar in¯uence superposition
technique for 3D ®ber arrangements to re¯ect the
axial and transverse stress carrying capacity of the
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matrix and to include interfacial failure with var-
ious levels of sophistication.
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