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Abstract. In this paper an incremental constitutive theory for the deformation due to switching in ferroelectrics is
applied to predict the fracture toughness anisotropy in these materials after mechanical poling. Mechanical poling
of an initially unpoled specimen differs from electrical poling in that only mechanical stresses are applied to the
material. Therefore, no electrical polarization can develop. After mechanical poling, for example by a uniaxial
applied stress, the fracture toughness of a ferroelectric ceramic for cracks running parallel or orthogonal to the
poling direction will differ. Finite element computations of the steady crack growth process have been carried out
to quantify these differences. Results are generated for a range of constitutive properties for three crack growth
directions with respect to the initial mechanical poling direction. The results are discussed in relation to available
experimental data and to the toughness anisotropy due to electrical poling.
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1. Introduction

The fracture behavior of ferroelectric ceramics is of considerable interest due to the applic-
ation of these materials in piezoelectric actuators. With regard to the fracture properties of
ferroelectrics, a great deal of attention has been focused on the influence of domain switching
on the R-curve behavior. It is commonly accepted that domain switching results in increased
toughening in ferroelectrics in much the same way that the phase transformation does in
partially stabilized zirconia materials. As such, a number of ‘transformation toughening’
type models for ferroelectric switching have appeared, Zhu and Yang (1997), Yang and Zhu
(1998), Yang et al. (2001), Reece and Guiu (2002), that directly follow the original modeling
efforts of McMeeking and Evans (1982) and Budiansky et al. (1983) for phase transformation
toughening.

The constitutive model used for domain switching in these transformation toughening
models assumes that switching occurs at a well defined combination of electric field and
mechanical stress. The specific form of this switching criterion is usually that proposed by
Hwang et al. (1995). Once the criterion for switching is achieved the material attains a finite,
predetermined level of irreversible remanent strain and polarization. Furthermore, the reversal
or reorientation of the switching direction is not accounted for in any of the transformation
toughening models. In effect, once switching occurs, these models assume that the domain
structure is frozen into the material. It will be shown in this work that such assumptions may
lead to incorrect qualitative determinations of the toughness anisotropy in poled ferroelectric
ceramics.
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While electrical fields and polarization have a considerable effect on the toughness of
ferroelectrics, in this work only unpoled material specimens loaded by mechanical stress will
be modeled. Hence the term ‘mechanically poled’ refers to a ferroelectric material that has
been cooled from above the Curie temperature and then irreversibly deformed by a mechan-
ically applied stress. At no time are electric fields applied to the sample. In this situation, the
constitutive law for the material must supply the history of stress given the history of strain
or visa versa. In contrast to the very approximate constitutive laws applied in the transform-
ation toughening type models, the toughness computations carried out in this work rely on a
phenomenological, incremental constitutive law for domain switching that has been verified
against micromechanical simulations, Landis (2003a). The phenomenological theory allows
for constitutive features such as the Bauschinger effect, asymmetry in the maximum remanent
strains in tension versus compression, reverse switching and the reorientation of the reman-
ent strain state. With regard to the highly non-proportional stress histories near a growing
crack tip, the features of reverse switching and remanent strain reorientation are especially
important. This constitutive law is then applied within steady-state finite element computa-
tions to determine the toughness enhancement due to switching in electrically non-polar but
mechanically poled ferroelectric ceramics.

2. The constitutive model

The nonlinear constitutive response of ferroelastic ceramics is a result of the mechanism of
domain switching. The constitutive model presented here is phenomenological in nature, but
has been verified against self-consistent micromechanical simulations based on the model of
Huber et al. (1999). In most of its features the constitutive law is analogous to metal plasticity
constitutive theories with kinematic hardening, except the form of the hardening law is spe-
cific to ferroelectrics and has been developed based on micromechanical simulations, Landis
(2003a).

In order to maintain simplicity, isotropic elastic response and linear kinematics will be
assumed such that the stress-strain relations can be written as

εij = 1 + ν

E
σij − ν

E
σkkδij

(
εr
ij − ε0

ij

)
(2.1)

Here, εij are the Cartesian components of the infinitesimal strain tensor as referenced from
the initial remanent strain state ε0

ij , σij are the Cartesian components of the Cauchy stress
tensor, ν is the Poisson’s ratio and E is the Young’s modulus. Also, εr

ij are the Cartesian
components of the total remanent strain tensor. The remanent strain is the irreversible strain
and can also be referred to as the plastic strain. In all cases discussed in this paper, the datum
for the total remanent strain εr

ij and the initial remanent strain ε0
ij corresponds to the state of

the material as cooled from above the Curie temperature, i.e. a thermally depoled sample. In
this reference state, all possible domain orientations are equally likely. Prior to the fracture
simulations the material will be pre-strained to ε0

ij such that it is natural to choose this state
as a new datum for the strain. However, within the implementation of the constitutive law the
knowledge of this pre-strained state must always be retained and incorporated into the total
remanent strain as referred to the as-cooled state.

The purpose of the nonlinear constitutive law is to provide the evolution of the remanent
strain history given the stress or total strain history. Consistent with the facts that domain
switching gives rise to only deviatoric strains and ferroelastic ceramics exhibit kinematic
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Figure 1. The region of attainable multi-axial remanent strain states (shaded area) for a polycrystal comprised of
randomly oriented tetragonal single crystals. The solid curve represents the fitted equation given by Eqs. (2.7) and
(2.8) and the circles are numerical simulation points from Landis (2003a).

hardening effects, it is assumed that the material responds elastically within a switching
surface � described by

� = 3

2

(
sij − sB

ij

) (
sij − sB

ij

) − σ 2
0 = 0. (2.2)

If the stress state is on the switching surface and the load increment induces remanent
straining, then the remanent strain increment is normal to the switching surface such that

ε̇r
ij = λ

(
sij − sB

ij

)
(2.3)

Here sij are the components of the stress deviator such that sij = σij − δij σkk/3, sB
ij are the

components of the deviator of the back stress tensor σB
ij , σ0 is the initial switching strength of

the material in tension or compression, and λ is the as yet undetermined plastic multiplier.
The back stress tensor leads to kinematic hardening and must be used to enforce the reman-

ent strain saturation conditions. The approach used to determine the back stresses is based on
the assumption that the internal state of the ferroelastic material is completely characterized
by the components of the remanent strain tensor, Cocks and McMeeking (1999) and Landis
(2002). This assumption leads to the identification of a remanent potential, �r(εr

ij ), such that
the back stresses are derived from the potential in the following manner

σB
ij = ∂�r

∂εr
ij

(2.4)

In order to complete the constitutive theory, the form of �r must be specified. The primary
role of the back stresses is to account for the strain saturation conditions in the ferroelastic
material. As mentioned in the Introduction, ferroelectric ceramics exhibit an asymmetry in the
attainable levels of remanent strain in tension versus compression, Fett et al. (1998). Figure 1
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illustrates the remanent strain states that are possible in a ferroelastic polycrystal comprised
of unpoled randomly oriented single crystal grains with tetragonal crystal structure. These
results were obtained from micromechanical simulations and have been reported in Landis
(2003a). Remanent strain states that are below the curve are possible in the material, while
those above the curve are unattainable. Note that the following remanent strain invariants are
used to describe the remanent strain space,

J e
2 =

(
2

3
er
ij e

r
ij

)1/2

and J e
3 =

(
4

3
er
ij e

r
ij e

r
ki

)1/3

. (2.5)

Here, er
ij is the remanent strain deviator, er

ij = εr
ij − δij ε

r
kk/3. Only two invariants are required

since the remanent strain is volume conserving. The magnitude of the remanent strain can be
represented by J e

2 , and the type of remanent strain-state is designated by the ratio J e
3 /J e

2 .
When J e

3 /J e
2 is −1 the remanent strain is an axisymmetric contraction, 1 corresponds to

axisymmetric extension, 0 to pure shear remanent strain, and all other remanent strain states
can be characterized within the range −1 ≤ J e

3 /J e
2 ≤ 1.

In order to describe the saturation states a strain-like variable ε is defined as

ε = J e
2 f

(
J e
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)
, (2.6)
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(2.8)

Here, 1/f is a functional fit to the numerical results obtained from the micromechanical
computations described in Landis (2003a). This fit is illustrated in Figure 1. When the reman-
ent strain level characterized by ε reaches the compressive saturation level, εc, the remanent
strain will be saturated. The only possible remanent strain states in the material are those that
satisfy ε ≤ εc. Hence, in order to prohibit remanent strain states characterized by ε > εc, the
remanent potential �r must increase without bound as ε → εc. To enforce the strain saturation
conditions the following remanent potential has been selected,

�r = 1

2
H0εc

[
J e

2

εc

exp

(
m

1 − ε/εc

)]2

(2.9)

Here, H0 is a characteristic level of back stress that primarily affects the initial slope of
the uniaxial stress versus remanent strain curve, and m is another hardening parameter that
controls how abruptly the strain saturation conditions are reached. Figure 2a illustrates the
uniaxial stress versus remanent strain hysteresis curves for a few different sets of the material
parameters H0 and m. Figure 2b illustrates the uniaxial compressive stress-strain response
of the model material with intermediate unloading paths. Note that within this theory, the
Bauschinger effect does not set in until the applied uniaxial stress reaches a magnitude greater
than 2σ0. In other words, unloading to zero stress for initial applied stress levels less than 2σ0
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Figure 2. The mechanical stress-strain behavior of the model material. (a) The stress versus remanent strain
hysteresis loops for two levels of the hardening parameter H0. Notice the asymmetry in the levels of tensile
and compressive strain that the material can attain. (b) The compressive stress versus compressive strain behavior
with two intermediate unloading paths for the model material. Notice the Bauschinger effect that occurs when the
initial applied stress is greater than 2σ0, and the three stress-free mechanically poled states.

is an entirely linear process. However, unloading to zero stress from above 2σ0 is accompanied
by reverse switching, i.e. a Bauschinger effect.

With the remanent potential specified, it is possible to derive the back stresses and finally
solve for the plastic multiplier yielding the incremental form of the constitutive law. For the
implementation within the finite element model presented in the next section, a backward
Euler integration scheme was developed such that the switching surface of Eq. (2.2) and the
discretized version of the flow rule in Eq. (2.3) are satisfied at the end of the increment. Details
of the backward Euler integration scheme can be found in Landis (2003b).

3. Mechanical poling and the fracture model

The fracture model implemented here is identical to that used in Landis (2003b) with the
addition of an initial remanent strain due to mechanical poling. The constitutive law described
in Section 2 will be applied within finite element computations to determine the ratio of the
plateau level of the R-curve to the initiation toughness. These computations will be carried
out for samples that are initially mechanically poled by a uniaxial applied stress. Figure 3 is
a schematic of the sample configuration. The conceptual test procedure is as follows. An ini-
tially unpoled sample, i.e. as-cooled from above the Curie temperature, is mechanically poled
by applying a uniaxial tensile or compressive stress to the material. The material need not be
loaded entirely to the saturation level. For example, as illustrated in Figure 2b, the material can
be loaded to a moderate stress level and then unloaded such that the resulting residual strain
attains some intermediate magnitude. Next, a crack is introduced into the specimen in one of
three orthogonal directions. These three directions are depicted on Figure 3. Once the crack
is introduced, a Cartesian coordinate system is attached to the crack tip as shown in Figure 3,
and the three initial poling directions will be termed ‘X-poled’, ‘Y-poled’ and ‘Z-poled’. The
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Figure 3. A schematic of the Mode I configuration to be modeled in this work. Any given sample will be poled in
only one of the three depicted mechanical poling directions.

X-poled specimens will have initial remanent strain states of ε0
xx = ε0, ε0

yy = ε0
zz = −ε0/2,

ε0
xz = ε0

yz = ε0
xy = 0, Y-poled specimens: ε0

yy = ε0, ε0
xx = ε0

zz = −ε0/2, ε0
xz = ε0

xy = 0, and
Z-poled specimens: ε0

zz = ε0, ε0
xx = ε0

yy = −ε0/2, ε0
xz = ε0

xy = 0. In all cases mechanical
poling consists of loading to cause remanent straining and then unloading to zero stress but
non-zero residual strain.

Consider the following constitutive features of a mechanically poled specimen. Specific-
ally, consider a specimen that is poled and unloaded along the second unloading path illus-
trated on Figure 2b. Under extreme levels of loading the amount of remanent strain achievable
in compression for an unpoled sample is εc and that in tension is approximately 1.37εc . For the
second unloading path illustrated in Figure 2b the residual remanent strain is compressive and
its magnitude is approximately 0.66εc . Hence, after this initial poling, the amount of additional
remanent strain the sample can attain in compression is 0.34εc , but in tension the material can
be irreversibly strained by 2.03εc . It is important to remember this feature of the constitutive
behavior when considering the fracture properties of the material. From a simplistic point of
view, the crack will cause high tensile stresses in the y-direction ahead of the crack tip. If the
material is able to accommodate these stresses by deforming in this direction then one should
expect greater toughening increments than a material that can only respond to such stresses
elastically. This explanation of toughening is overly simplistic because it does not consider
the complex stress states around a crack or the fact that toughening occurs only after crack
growth. However, this discussion has been included to give some sense of the response of a
mechanically poled material.

Figure 3 illustrates a specific model geometry and loading, however this picture should
only be taken as a schematic of a sample subjected to symmetric Mode I loading. In this work
small scale switching will be assumed such that the representative height of the nonlinear
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switching zone near the crack tip is much smaller than any other characteristic specimen
dimension such as crack length, specimen width or ligament width. Furthermore, under plane
strain conditions it is assumed that the specimen thickness is much greater than the switching
zone size as well. The approximate half-height of the switching zone, Rs , is given as

Rs = 1

3π

(
KI

σ0

)2

= 1

3π

GE′

σ 2
0

(3.1)

Here KI is the Mode I stress intensity factor such that within the small scale switching
approximation, the stresses around the crack are given as
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2
cos
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as r → ∞ (3.2)

Here, r and θ represent a polar coordinate system centered on the crack tip, with θ measuring
the angle between the radial direction and the x-axis. Under small scale switching conditions
the prevailing mechanical conditions that govern the nonlinear behavior near the crack tip
due to the geometry and far field loading of a sample are completely characterized by KI.
Furthermore, the applied energy release rate, G, is related to KI as

G = K2
I

E′ , (3.3)

where E′ = E for plane stress and E′ = E/(1 − ν2) for plane strain.
Within this model, crack propagation will be assumed to occur when the crack tip energy

release rate Gtip reaches a critical value. In order to compute the relationship between the
steady state far field applied energy release rate Gss and Gtip, a steady state finite element
formulation will be implemented (Dean and Hutchinson, 1980; Landis, 2003b). In the far
field, tractions corresponding to Equation (3.2) are applied to the model and Equation (3.3)
can be used to compute Gss . Then, under steady-state conditions, Gtip can be calculated using
Hutchinson’s I -integral, Hutchinson (1974), as

Gtip = I ≡
∫

�

(
Un1 − σijnjui,1

)
ds, (3.4)

where � is a counterclockwise directed contour encircling the crack tip, ni are the compon-
ents of the unit normal directed to the right along the contour, ui are the components of the
displacement vector, and U is the history dependent stress work density at a material point
defined by

U =
∫ εij

0
σij dεij . (3.5)

Due to ferroelastic switching near the crack tip, the isotropic elastic solution for the stresses
given by Equation (3.2) is only valid far from the crack. In order to compute the mechanical
fields near the crack tip, and hence the ratio of Gss to Gtip, a steady-state finite element
procedure is implemented. This method was originally developed by Dean and Hutchinson
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(1980) and applied to determine the mechanical fields near a growing crack in elastic-plastic
materials. Recently it has been used by Landis (2003b) to determine the toughening due to
ferroelastic switching in unpoled ferroelectrics. The formulation is based on the variational
statement∫

V

δεijCijklεkldV =
∫

S

δuiTidS +
∫

V

δεijCijkl

(
εr
kl − ε0

kl

)
dV, (3.6)

where S is the boundary of the volume V , Cijkl are the Cartesian components of the isotropic
elastic stiffness tensor that can be written in terms of E and ν, and the tractions acting on the
boundary S are given as Ti = σjinj . These tractions are determined from the stress field of
Equation (3.2). After the application of the appropriate finite element interpolations and the
cancellation of the appropriate variational term, the left-hand side of Equation (3.6) represents
the linear elastic stiffness matrix dotted with the vector of unknown nodal displacements.
Note that this stiffness matrix does not depend on any non-linear deformations, only on the
finite element mesh geometry and elastic properties. The first term on the right-hand side
represents the vector of known applied nodal forces. Finally, the second term on the right-
hand side represents a body force vector due to the distribution of remanent strains in the
material. Though not explicitly shown, Equation (3.6) must be solved by an iterative method.
Initially, the remanent strain distribution is assumed to be εr

ij = ε0
ij at all points. The finite

element equations due to Equation (3.6) are then solved and a new distribution of strains
is obtained. The constitutive law described in Section 2 is then integrated along streamlines
of constant height above the crack plane from x = ∞ to x = −∞ using this new, but
approximate, strain distribution to yield an updated approximation for the stress and remanent
strain distributions. The new remanent strain distribution is then applied in Equation (3.6) and
the solution procedure is repeated. This iterative procedure is continued until the solution for
the nodal displacements, and hence the remainder of the mechanical fields, achieves a suitable
level of convergence.

4. Results

The primary purpose of this study is to determine the anisotropy of the fracture toughness
induced by mechanical poling of the material. In addition to these results, other features of
the problem such as the distributions of stresses and strains around the crack tips and the sizes
and shapes of the switching zones are of interest as well. In general, the normalized stress and
remanent strain fields can be represented as

σij

σ0
= σ ij

(
x

Rs

,
y

Rs

; ε0
ij

εc

,
εcE

σ0
,
H0

σ0
,m, ν

)
(4.1)

and

εr
ij

εc

= εr
ij

(
x

Rs

,
y

Rs

; ε0
ij

εc

,
εcE

σ0
,
H0

σ0
,m, ν

)
(4.2)

Here σ ij and εr
ij represent dimensionless functions. These functions are fields as represented

by their dependence on the x and y spatial coordinates, and they will also depend on the level
of initial mechanical poling and the material properties as indicated by the dimensionless
quantities appearing after the semicolon.
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Figure 4. Switching zone sizes and shapes for both (a) unpoled and (b)–(g) mechanically poled cases. The material
properties used to generate these results are εcE/σ0 = 5, H0/σ0 = 1, m = 0.01 and ν = 0.25. Detailed effective
remanent strain contours are shown only on (a) the unpoled case. Graphs (b)–(g) show only two contours, one at
the outer switching boundary and the second at the effective remanent strain level of �εr = σ0/E. Notice that the
spatial coordinates are normalized by the characteristic switching zone size when the applied energy release rate
reaches G0, and the normalized steady state energy release rate is given on each plot.
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Figure 4 illustrates the sizes and shapes of the switching zones around steadily growing
cracks in (a) unpoled material, (b)–(d) material poled by a uniaxial tension, and (e)–(g) ma-
terial poled by a uniaxial compression. In Figures 4b–g only two remanent strain contours are
drawn corresponding to the outermost switching boundary and the location where the effective
remanent strain is equivalent to σ0/E. For the presentation of Figure 4, a new length scaling
R0 is introduced such that

R0 = 1

3π

G0E
′

σ 2
0

. (4.3)

If it is assumed that the critical crack tip energy release rate G0 is a material property that does
not depend on the initial mechanical poling state, then R0 is constant for a given material,
whereas Rs depends on the mechanical poling state. Note that at least to first order, trans-
formation toughening type models predict that the switching zone size is directly proportional
to the steady-state toughness Gss and inversely proportional to σ 2

0 in a fashion similar to
Equation (3.1). For the finite element results presented in this work, generally the size of the
switching zone correlates with the macroscopic toughness Gss of the material, in other words,
the poling configurations depicted in Figures 4b, d and f are tougher than those shown in
Figures 4c, e and g. However, the size of the switching zone is not directly proportional to Gss

as can be readily verified by comparing Figures 4d and 4g. Here the material of Figure 4d has a
switching zone size greater than three times that of Figure 4g, but the ratio of the toughness for
these materials is only 1.13. The reason for this loss of proportionality between the switching
zone size and Gss is that, due to hardening and the Bauschinger effect, the mechanical pol-
ing process can either increase or decrease the stress level where switching begins after the
poling process. Take for example the compressive poling process depicted in Figure 2b. After
initial loading and then unloading along the first path, the mechanically poled material will
then switch in compression at a stress level of approximately 1.25 times σ0. However, if this
material were pulled in tension after the initial poling then the tensile switching stress would
only be 0.75 times σ0. Hence, the mechanical poling process can introduce an asymmetry
in the initial switching strength of the material, which in turn, along with Gss , affects the
sizes and shapes of the switching zones near crack tips. Specifically, for the cases depicted
in Figures 4d and 4g, from an investigation of the constitutive law, the effective in-plane
switching stress for the case in Figure 4d is approximately 0.63σ0 and for the case in Figure 4g
is 1.15σ0. Hence, if the applied Gss were identical for these two cases then it is expected that
the switching zone size for the case in Figure 4d should be approximately 1.152/0.632 ≈ 3.3
times larger than the zone size in Figure 4g. In fact, this is what is found from an inspection of
Figures 4d and 4g. It is also important to note that mechanical poling also changes the levels
of subsequent remanent strain the material can attain. However, this feature of the mechanical
poling behavior primarily influences the switching zone size through its effect on Gss which
will be discussed in detail later in this section.

It is worth noting that the size of the switching zone contour where the effective remanent
strain is equal to the characteristic elastic strain of σ0/E is significantly smaller than the outer
switching zone boundary. This illustrates the fact that large switching strains are confined
to a region very close to the crack tip and the size of this region is only a fraction of Rs .
Furthermore, note that the shapes of the switching zones depicted in these figures is that of the
active switching zone. In other words, in the active switching zone, neighboring points at the
same height above the crack plane have different remanent strains. Whereas, in the elastically
unloaded wake or the unloaded elastic sector, neighboring points at the same height above
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the crack plane have identical remanent strains. Lastly, material points outside of the active
switching zone or the wake have remanent strain states equal to that of the initial mechanical
poling state.

As mentioned previously, the primary result of each steady crack growth calculation is
the ratio of the far field applied energy release rate, Gss , to the crack tip energy release rate
Gtip. Note that it is assumed that crack growth occurs when Gtip reaches the intrinsic fracture
toughness of the material G0. Hence the ratio Gss/G0 indicates the amount of toughening
due to ferroelastic switching, with Gss/G0 = 1 corresponding to absolutely no toughening
or R-curve behavior. In general Gss/G0 (which is equal to Gss/Gtip) depends only on the
dimensionless ratios of the material properties and the level of initial mechanical poling, i.e.

Gss

G0
= G

(
ε0
ij

εc

,
εcE

σ0
,
H0

σ0
,m, ν

)
(4.4)

The prior work of Landis (2003b) investigated the effects of the last four dimensionless
quantities on the toughening ratio for unpoled materials, ε0

ij /εc = 0. The following qualitative
dependencies were found. The toughening ratio Gss/G0 increases as the normalized saturation
level of remanent strain εcE/σ0 increases. This is to be expected since a greater propensity for
remanent straining leads to more dissipation and higher toughening. The relative toughening
decreases as the hardening of the material, either H0/σ0 or m increases. Again this is to be
expected since a high hardening material tends to retard remanent straining and in turn de-
creases toughening. Lastly, there was found to be only a very weak dependence of Gss/G0 on
Poisson’s ratio ν. The work to be reported presently will investigate the relationship between
Gss/G0 and the initial mechanical poling level for εcE/σ0 = 3 and 5, m = 0.01, ν = 0.25
and H0/σ0 = 0.5, 1 and 2.

Prior to presenting the results for the mechanically poled cases, it is informative to con-
struct a reasonable hypothesis for the qualitative behavior of the relative toughening, taking
the toughening in the unpoled case as a reference. Since crack tips tend to cause higher stresses
in the y direction (for most polar angles around the tip) it is reasonable to assume that the ma-
terials propensity for remanent straining in the y direction will lead to greater toughening. For
example, when a material is mechanically poled by a uniaxial compression in the y direction,
domains switch from being aligned closely to the y direction to the x and z directions. Then,
when a crack tip passes through with an accompanying large σyy component, the domains
can switch back to the y direction causing dissipation and toughening. In contrast, a material
poled by tension in the y direction will have most domains initially aligned closely with the
y direction. Now when a crack tip passes nearby, these domains cannot switch again towards
the y-axis and hence the dissipation due to domain switching will be decreased. Applying
these considerations, one would expect the following qualitative rankings of toughening:
Y-Poled in compression > Unpoled > Y-Poled in tension, X-Poled in tension > Unpoled
> X-Poled in compression and Z-Poled in tension > Unpoled > Z-Poled in compression.
Furthermore, at first glance, one would also expect that the toughening for comparable X and
Z-Poled specimens would be similar since both of these orientations are perpendicular to the
y direction.

Figures 5a–d plot the quantitative dependence of the toughening ratio Gss/G0 against the
initial uniaxial remanent poling strain ε0/εc for each of the three poling directions, plane strain
conditions, εcE/σ0 = 3 and 5, m = 0.01, ν = 0.25 and H0/σ0 = 0.5, 1 and 2. For all cases the
unpoled state corresponds to ε0/εc = 0. Note that the qualitative behavior of the Y-Poled and
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Figure 5. The normalized toughness enhancement Gss/G0 versus the initial mechanical poling strain for X, Y
and Z-Poled samples for plane strain conditions and (a) εcE/σ0 = 5 and H0/σ0 = 1, (b) εcE/σ0 = 3 and
H0/σ0 = 1 (c) εcE/σ0 = 5 and H0/σ0 = 0.5 and (d) εcE/σ0 = 5 and H0/σ0 = 2. For all cases m = 0.01 and
ν = 0.25.

X-Poled specimens is as hypothesized in the previous paragraph. However, the behavior of the
Z-Poled material appears to be somewhat anomalous. In the soft material with H0/σ0 = 0.5,
the Z-Poled materials in either compression or tension have toughness ratios less than that
of the unpoled material. Higher hardening materials exhibit a qualitatively expected behavior
with material poled in tension tougher than material poled in compression, but the quantitative
effect of poling in the z direction is much smaller than might be expected from a comparison
to the X-Poled material. Additional examples of the toughening due to Z-Poling are included
in Figure 6a. Essentially the Z-Poled material has a toughening ratio similar to that of the
unpoled material, whether it is poled in tension or compression.

The relatively weak dependence of the toughening ratio on the level of poling in the z

direction can be explained by considering the out-of-plane constraint imposed by the plane
strain conditions. Under plane strain conditions, the out-of-plane strain components equal
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zero, i.e. εzz = εxz = εyz = 0. If domains switch completely from being oriented towards the
z direction to an in-plane direction, as is assumed in transformation toughening type models,
then this will cause a large negative remanent strain component εr

zz. In order to maintain a total
out-of-plane strain of zero, the elastic strain must then be positive and have the same mag-
nitude as εr

zz. This elastic strain component must arise from an out-of-plane stress component
of a magnitude approximately equal to Eεr

zz. Therefore, if |εr
zz| > σ0/E then the out-of-plane

stress will be close to σ0 and there will be a tendency for the domains to switch back towards
the out-of-plane direction. The actual events do not proceed by switching in-plane and then
switching back out-of-plane, but rather by switching only a relatively small amount. Hence,
the out-of-plane constraint will negate the expected toughening effect described previously.
Again, transformation toughening type models are not able to account for this kind of partial
switching and its associated effects on fracture toughness. In order to verify that the out-of-
plane boundary condition plays a significant role in the toughening of ferroelastic materials,
computations were performed under plane stress conditions for a single set of material prop-
erties. The results of the plane stress simulations are presented in Figure 6b. These results
indicate that under plane stress conditions, the material poled in the z direction exhibits a
behavior as initially hypothesized. However, now the X-Poled material yields a very weak
dependence of the toughening on the initial poling strain. Ultimately, the plane strain and
plane stress results of Figures 5 and 6 illustrate the sensitivity of the qualitative toughening
behavior of ferroelastic materials on the out-of-plane boundary conditions.

In summary, the results of this study have shown that in plane strain, significant toughness
enhancements are achieved for materials that are initially mechanically poled by tension in the
x direction or by compression in the y direction. In plane strain, mechanical poling in the out-
of-plane direction induces only modest changes in the toughness enhancement with respect
to the unpoled state. This somewhat counterintuitive result is explained by considering the
out-of-plane constraint, and it was shown that under plane stress conditions significant tough-
ness enhancements do occur for materials poled by tension in the out-of-plane direction. The
sensitivity of the toughness anisotropy of ferroelastic materials to the out-of-plane boundary
conditions leads to an important step in understanding the toughness of electrically poled
ferroelectric materials and will be discussed in the next section.

5. Discussion

Ultimately, the viability of the model presented in this work can only be ascertained by a
comparison with experimental observations. Unfortunately, to date there have been no exper-
imental studies on purely mechanically poled ferroelectrics, and so a direct comparison of the
model predictions to measurements is not possible. However, there have been studies on the
fracture toughness anisotropy of electrically poled ferroelectrics, and with some careful con-
siderations a limited comparison between this model and the experiments on electrically poled
materials can be performed. The remainder of this discussion will focus on this comparison.

One of the motivating factors for this theoretical study is the experimental investigation
of Lucato et al. (2000, 2002) on the fracture toughness anisotropy of electrically poled fer-
roelectrics. Lucato et al. (2002) measured the R-curve behavior of both unpoled and poled
ferroelectric ceramics. The three electrical poling directions that were investigated in this
study correspond to the mechanical poling directions illustrated in Figure 2. Due to the fact
that fully coupled ferroelectric constitutive models are still in their infancy and remain un-
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Figure 6. The normalized toughness enhancement Gss/G0 versus the initial mechanical poling strain for Z-Poled
samples for (a) plane strain and a range of H0/σ0 from 0.5 to 2 and (b) plane stress conditions. Note that the
effects of the out-of-plane boundary condition, i.e. plane stress versus plane strain, are considerable.

tested; the study in this work has focused on the simpler case of mechanically poled materials.
A comparison of results generated for mechanically poled materials to observations on elec-
trically poled samples must be performed with care and some physical insight. First, it is
essential to realize that the electrical poling process creates a material that is piezoelectric, and
furthermore the piezoelectric effect is aligned with the polarization direction. Hence, materials
that are electrically poled in the x and y directions will not only have complex distributions
of stress and strain near the crack tip, but also nontrivial distributions of electric field and
electric displacement. Therefore, due to the in-plane piezoelectric effect, a comparison of
mechanically poled computations in the X and Y-Poled configurations to observations on
electrically poled materials is ill-advised and will not be carried out here.

In contrast to the in-plane poling cases, materials that are electrically poled in the z dir-
ection can exhibit in-plane isotropic elastic behavior under a restricted set of out-of-plane
electrical boundary conditions. Therefore comparison of the out-of-plane mechanical poling
case to the electrical poling case may be possible. Consider a material that is poled in the
out-of-plane (i.e., z) direction. The piezoelectric and elastic properties of such a material
are represented by third and fourth rank tensors that are transversely isotropic about the
polarization direction. Therefore, for mechanical loading in the x-y plane the elastic response
is isotropic in this plane. Furthermore, in-plane mechanical loads will lead to an electrical
response due to the piezoelectric effect. The details of this electrical response depend on the
electrical boundary conditions in the out-of-plane direction.

First, consider the case of a poled specimen with electrodes on the two faces perpendicular
to the z direction. Furthermore we will consider the case where a wire connects the electrodes
such that there is a short circuit boundary condition and the component of the electric field
in the z direction must be equal to zero, Ez = 0. Now, applied mechanical loading in the
x-y plane will cause changes in the electric displacement component Dz through both the
piezoelectric effect and by ferroelectric switching. Near a crack the stresses and hence Dz

will vary with both the x and y coordinate directions such that Dz = Dz(x, y). Note that an



On the fracture toughness anisotropy of mechanically poled ferroelectric ceramics 15

electric displacement field of the form Dx = Dy = 0 and Dz = Dz(x, y) satisfies Gauss’
law Di,i = 0, and therefore no electrical fields will be generated in the x-y plane for the short
circuit boundary conditions. Therefore, under short circuit conditions, in-plane mechanical
loading leads to only out-of-plane electrical response through the electric displacement com-
ponent Dz. No in-plane electrical fields will be generated for this set of out-of-plane boundary
conditions. Hence, the in-plane mechanical behavior of an electrically Z-Poled sample may
be approximated by the behavior of a mechanically Z-Poled sample.

Next, consider the case of a poled specimen with the electrodes removed from the faces
perpendicular to the z direction. The electrical boundary conditions for this situation are far
more complicated than those described previously. We will make the following assumptions
when discussing this case. First, we assume that during the process of removing the electrodes
from the z faces, free charges from the surroundings are able to attach to the surfaces such
that the normal component of the electrical polarization is balanced, and no electric fields are
required to enforce Gauss’ law across the free surface. Second, during the application of in-
plane mechanical loading these free charges that have attached themselves to the surface do
not move. Finally, for the sake of simplicity, we will assume that the dielectric permittivity
of the atmosphere surrounding the sample can be approximated as equal to zero. Given these
assumptions, the electrical boundary condition in the z direction is that Dz = P0, where
P0 is the remanent polarization induced by the initial electrical poling process. Now, during
the application of in-plane mechanical stress, domain switching will cause changes in the
remanent polarization in the z direction. However, in order to maintain Dz at a constant level
of P0, an electric field in the z direction must develop. In an analogy with the previous set of
boundary conditions one might expect the spatial dependence of this electric field to have the
form Ex = Ey = 0 and Ez = Ez(x, y). However, an electric field distribution of this form
does not satisfy ∇ × E = 0, i.e. electric field components of this form cannot be derived from
a single scalar electric potential as required by Maxwell’s laws. Therefore, for the case where
the electrodes are removed from the sample, both out-of-plane and in-plane components of
electric field and electric displacement will be generated by the application of applied in-plane
stresses. Hence, this set of electrical boundary conditions does not admit only mechanical in-
plane fields and a comparison of this situation to the mechanical poling case is ill-advised and
will not be carried out here.

One final consideration must be applied when attempting to compare results for mechan-
ical poling to those of electrical poling. The fact that electrical poling is accompanied by a
tensile strain implies that the electrically poled cases can only be compared to samples poled
mechanically in tension. From the results plotted in Figures 5a–c the computations described
in this work predict that the toughness enhancement for Z-Poled specimens in tension can be
modestly higher or lower than the toughening for unpoled samples depending on the harden-
ing. For the cases where H0/σ0 = 0.5 to H0/σ0 = 2 the difference in steady state toughness
between the unpoled and tension Z-Poled cases ranges from 17% to −20% respectively. The
experimental observations of Lucato et al. (2002) indicate that the toughness enhancement
for unpoled samples is approximately 15% greater than that for samples electrically poled
in the z direction under short circuit electrical boundary conditions. Qualitatively, the model
predictions and observations that Z-Poling provides only modest changes in toughness with
respect to the unpoled case are in agreement.

Another qualitative agreement between the results generated in this work and the experi-
mental observations of Lucato et al. (2002) is the significant effect of the through-thickness
boundary condition. Comparison of Figure 5b to Figure 6b illustrates the very strong depend-
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ence of the switch toughening effect on the out-of-plane mechanical boundary conditions.
Analogously, Lucato et al. (2002) observed that the toughness of samples poled electrically
through the thickness was significantly greater for samples under the no electrode config-
uration than those under short circuit conditions. As discussed previously the short circuit
conditions give rise to planar variations of the fields, while the no electrode configuration
allows for more complex three dimensional field variations. Ultimately these results suggest
that a careful treatment of the out-of-plane boundary conditions must be incorporated in any
model attempting to describe the switch toughening of ferroelectric ceramics.
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