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Abstract

A shear-lag model has been developed for the prediction of stress recovery in a broken ®ber embedded in a ductile-matrix com-
posite. The model builds on the original shear-lag model of (Cox HL. Br J Appl Phys 1952;3:72±9) by introducing plasticity con-
stitutive behavior into the matrix. The matrix is assumed to be an elastic/perfectly-plastic material that deforms according to J2 ¯ow

theory. The use of a ¯ow rule to govern the matrix deformation in this model di�ers from previous attempts to represent plasticity
in the matrix. A non-linear partial di�erential equation is obtained from the model. Numerical solutions to the equation are
obtained and compared to simpler shear-lag models which assume sliding at the ®ber/matrix interface controlled by a uniform shear

stress. Axisymmetric ®nite-element calculations were done to assess the validity of the shear-lag model. It proves to be in good
agreement with the ®nite-element analysis. Predictions of the shear-lag calculations suggest that the global load-sharing (GLS)
strength model of (Curtin WA. J Am Ceram Soc 1991;74:2837±45) is valid for a composite with a yielding matrix that is elastically

rigid. # 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Fibrous composite materials utilize a weak matrix
reinforced by strong, elastically sti� ®bers. Prediction of
the mechanical properties of the composite requires a
detailed understanding of the stress and strain states in
the constituent materials. Owing to the complex geo-
metry of composite materials, it is a formidable endea-
vor to solve the governing equations of solid mechanics
in closed form. Further complications arise when the
statistical nature of the ®bers is considered. During
loading, weak ®bers will fail ®rst, and an understanding
of the resulting stresses in the reinforcements is required
to predict the strength of the composite.

The term shear lag has been used to describe models
that represent ®bers as one-dimensional, axial load-car-
rying springs. Other simpli®cations can be made, but
the universal characteristic of shear-lag models is that a
three-dimensional ®ber is assumed to act like a one-
dimensional entity. Shear-lag models of varying degrees
of complexity have been used to determine the stresses
in a broken ®ber. The ®rst model we discuss is the simple

shear-sliding model ( [1]). This version assumes that the
stress in the broken ®ber recovers to the far ®eld applied
stress through the action of a constant sliding stress.
The slip length, Ls, axial stress, �f, and shear stress, �,
along the ®ber are:
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where D is the ®ber diameter, Ef is the Young's modulus
of the ®ber, " is the strain applied to the composite in the
®ber direction, �0 is the level of the shear-sliding resis-
tance, and z is the axial coordinate along the ®ber with the
origin located at the break as shown in Fig. 1. This model
of the ®ber stress distributions was used by Curtin [2] to
predict the strength of a uniaxially reinforced composite
under the assumptions of global load-sharing (GLS).

However, the ®rst shear-lag model in the literature
was developed by Cox [3], to determine the stresses in a
®ber embedded in an elastic matrix. The governing
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equation for this model is a second order linear ordinary
di�erential equation. The results for the axial and shear
stresses along an in®nite ®ber are:
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where Gm is the shear modulus of the matrix, and w is a
measure of the ®ber spacing, also as shown in Fig. 1.
The Cox model assumes that the interface between the
®ber and matrix is well bonded. Hedgepeth and van
Dyke [4] modeled plasticity in a multiple-®ber system by
limiting the allowable shear stress on a ®ber. Recently,
Beyerlein and Phoenix [5] studied plasticity and
debonding in a similar fashion in two-dimensional
composite systems. This type of model for plasticity
does not require a ¯ow rule and we will refer to it as
shear sliding. Shear sliding can be added to Cox's model
by limiting the shear stress at the interface to a pre-
scribed value of �0. We have derived the solution to this
model of our own accord but note that it may have
previously appeared elsewhere. The results for the slip
length, and stresses for this model are:
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then Ls=0 and the axial stress and shear stress are given
by Eqs. (4) and (5). While the model does limit the shear

stress to a prescribed yield strength, no ¯ow rule is used
to determine the evolution of the deformation. In Cox's
model equilibrium in the matrix requires that the shear
stress in the matrix decreases with radial distance from
the ®ber. This implies that plasticity occurs in a very
thin layer around the broken ®ber, and that the rest of
the matrix is elastic.

Alumina ®bers in an aluminum matrix is an example
of a composite that uses strong, brittle ®bers to rein-
force a weak, ductile matrix. During cooling from high
temperatures after processing, the thermal expansion
mismatch of the alumina ®bers and the aluminum
matrix causes the ®bers to be in a state of residual
compression, and the matrix to be in tension. When the
composite is loaded no ®bers will break at least until the
residual compression is relieved. At the applied strain
when the ®rst ®ber breaks it is very likely that the
matrix has yielded in tension. In this system it is unrea-
listic to assume that the matrix is elastic, and that
yielding only occurs locally near ®ber breaks. In order
to account for load redistribution around a broken ®ber
in the presence of gross yielding, a ¯ow rule must be
introduced to govern the deformation of the matrix.
This work attempts to introduce such a constitutive
behavior in the context of the shear-lag framework. The
model is then compared to the other shear-lag models,
as well as to axisymmetric ®nite-element calculations.

2. Shear-lag models

In this section the basic shear-lag governing equations
are developed. The di�erences between shear-lag models
arise as a result of di�erences in the assumed matrix
constitutive behavior (elastic, plastic, creeping), and the
interface behavior (weakly bonded versus well bonded).
The assembly of a shear-lag model results in a govern-
ing di�erential equation for the ®ber displacement, u, as
a function of the distance from the break, z, and possi-
bly a time variable, t. Simpli®cations must be made such
that all of the ®eld variables, �ij, "ij, and ui, can be rela-
ted to the ®ber displacement, u, and other variables that
are parameters of the model.

2.1. Model geometry

The derivation in this paper is for a cylindrical ®ber
system, but the equations are easily adapted to a two-
dimensional slab geometry, representative of laminated
composites. Consider the cell shown in Fig. 1. The ®ber
break is located at z=0. For a hexagonal array of
®bers the cell is idealized to be circular and cylindrical.
The outer surface of the cell just touches the edges of
the six nearest neighbor ®bers. The distance between
®ber surfaces can be related to the ®ber volume frac-
tion, f, by

Fig. 1. Top and side views of the unit cell used for the shear-lag

models presented in Eq. (6)Eq. (7)Eq. (8)Eq. (19). The assumed stress

state in the matrix for Eq. (19) is shown at the right.
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2.2. Equations common to all shear-lag models

Equilibrium of forces acting on a di�erential element
of ®ber requires that

@�f
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where �f is the average axial stress in the ®ber, and t is
the shear stress acting on the interface between the ®ber
and the matrix. Hooke's Law for the ®ber gives
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where u is the axial displacement of the ®ber, and @u=@z
is the axial strain in the ®ber. The standard shear-lag
statement that relates the shear stress at the ®ber/matrix
interface, �, to the ®ber displacement, u, is obtained by
substituting Eq. (11) into Eq. (10). It is given by
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The ®ber is considered to be a one-dimensional entity
such that the only quantities of interest are the axial stress,
strain, and displacement. The radial, hoop, and shear
stresses within the ®ber are not considered in the model.
Eqs. (11) and (12) characterize the stress states of the ®ber
and ®ber/matrix interface in terms of the ®ber displace-
ment. To complete the model, the ®eld quantities in the
matrix must now be related to the ®ber displacement.

The ®rst approximation common to many shear-lag
models [3,6] is that the axial displacement at the outer
boundary of the cell is equivalent to the displacement
that would exist in an undamaged composite at the same
applied strain. Taking the ®ber break to be the origin of
the z axis, as shown in Fig. 1, this condition is given by

uc � "z; �13�
where uc is the displacement of the outer boundary, and
" is the nominal composite strain.

The second assumption involves approximating the
shear strain at the ®ber/matrix interface. The simplest
approximation, used by Du and McMeeking [6], is that

 � uc ÿ u

w
; �14�

where  is the shear strain at the interface. Cox [3]
accounted for the axisymmetric geometry in an approx-
imate fashion by considering equilibrium of the matrix
in the axial direction. The result is that in Eq. (14), w is
replaced by

D
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This is a small correction for high volume fractions. For
simplicity, this correction has been left out of the model
that will be presented. Eqs. (13) and (14) are the
assumptions subject to the most scrutiny in single ®ber
shear-lag models. For a multiple-®ber shear-lag model,
uc would be replaced by the displacement of an adjacent
®ber. The addition of multiple ®bers requires the solu-
tion to a set of coupled di�erential equations governing
the displacements of the ®bers. In order to derive the
single governing equation for a single ®ber shear-lag
model, assumptions about the displacement at the
boundary of the cell must be made.

Eqs. (9)±(14) are the starting point for any shear-lag
model that attempts to describe the stress distribution in
a broken ®ber. The remaining pieces of information
needed to formulate a governing di�erential equation
are the matrix constitutive law, and the ®ber/matrix
interface behavior. When the applied strain is high
enough to cause ®bers to break, the matrix has usually
failed in tension by cracking or yielding. It is assumed
therefore, that the matrix is not able to directly carry
any of the load shed by the broken ®ber, but can only
transmit it by shear stress to other ®bers. In single ®ber
shear-lag models there are no other ®bers so load is
essentially transferred to the boundary of the cell. The
primary purpose of the matrix constitutive law is to
relate the shear stress in the matrix to the shear strain.

2.3. Shear-lag constitutive law for a well bonded ®ber in
an elastic/perfectly-plastic matrix

The constitutive law used is for an elastic/perfectly-
plastic material with deformation governed by J2 ¯ow
theory ([7]). The Young's modulus of the material is Em,
and the yield stress is �y. For simplicity it is assumed
that the material is always on the yield surface. For
most systems of interest this is a good assumption for
one of two reasons. First, residual thermal stresses can
cause the matrix to yield prior to any loading. Second, if
it did not yield upon cooling, the matrix has usually
yielded in tension when enough strain has been applied
to break a ®ber. A simple state of stress is assumed to
exist in the matrix near the ®ber/matrix interface,
namely an axial stress acting in the z direction and a
shear stress as depicted in Fig. 1. Again, radial and
hoop components of stress are not considered in the
model. The yield condition is therefore,

�y �
������������������
�2m � 3�2

q
�15�

where �m is the axial stress in the matrix and � is the
shear stress acting on the ®ber/matrix interface. The
strain rates in the matrix are given by J2 ¯ow theory and
elasticity,

_"m � _�m
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3
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where "m is the axial strain in the matrix at the interface,
 is the shear strain in the matrix at the interface, � is a
proportionality factor enforcing normality of plastic
strains to the yield surface, and the superposed dot
represents di�erentiation with respect to time. Note that
this time does not necessarily correspond to natural
time, but is a loading parameter.

Eqs. (16) and (17) can be combined to eliminate �,
yielding an equation governing the matrix response

3� _�m
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ÿ �m _�
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From Eq. (15), it can be shown that _�m � ÿ3�=�m _�:
With the use of "m � @u=@z at the interface and Eqs.
(12)±(14), (18) becomes the governing partial di�erential
equation for u(z,t)

9

4
D

Ef

Em
�2� 1

4
D

Ef

Gm
�2m

� �
@2 _u

@z2
ÿ 3��m

@ _u

@z
ÿ �

2
m

w
_uÿ _"z� � �0

�19�
It is important to note that _" is the nominal composite
strain rate. At ®rst glance Eq. (19) may appear to be a
linear partial di�erential equation for u(z,t). However,
all of the coe�cients of the derivatives contain � or �m.
Eq. (15) relates �m to �, and � is related to u by Eq. (12).
Thus the coe�cients of the derivatives are actually non-
linear functions of @2u=@z2; and consequently Eq. (19) is
highly non-linear.

At this point it is useful to summarize and compare
the constitutive laws used to obtain Eqs. (1)±(3), Eqs.
(6)±(8) and (19). Fig. 2 is a schematic of the three con-
stitutive behaviors. The ®gure shows a shear stress being
applied to a rigid (not ®ber) material which is bonded to
the matrix material. The rigid material is used instead of
®ber material to isolate the constitutive behaviors of the
matrix and interface. For the simple shear-sliding model
of Kelly and Tyson [1] the matrix is rigid, i.e. there is no
shear deformation in the matrix, and the interface is
able to support any shear stress up to �0. When the
shear stress reaches �0 deformation occurs in the form
of sliding at the interface. For the constitutive behavior
used to derive Eqs. (6)±(8) the matrix is able to deform
elastically and then sliding ensues at the interface when
the shear stress reaches �0. The behavior for the elastic/
perfectly-plastic matrix depends on the initial state of
stress in the matrix. We assume that the matrix has
yielded in tension before any shear stress is applied (this
assumption is used throughout this paper). Fig. 2 shows
how the shear stress and axial stress change as shear
strain is applied to the system while the axial strain
remains constant.

To solve Eq. (19) boundary conditions are needed at
z=0 and at z!1 . At the ®ber break the axial stress in
the ®ber is zero, and far from the break the ®ber strain

must be equal to the applied composite strain. Mathe-
matically these boundary condition are:

Ef
@u
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A time history for the applied strain must also be spe-
ci®ed. The key variables that must be speci®ed in the
time history are the strain at which the ®ber breaks and
the strain to which the composite is extended after the
®ber breaks. Eq. (19) is solved by a ®nite di�erence
scheme that is described in the Appendix.

Figs. 3 and 4 illustrate the stress pro®les from the
solution of Eq. (19) immediately after fracture for ®bers
that have broken at various di�erent composite strain
levels with Ef=Em � 5; and f=0.5, Gm has been assumed
to be 3/8 Em (�=1/3) for all of these calculations. The
shear stress versus distance from the break plots of
Fig. 3 consist of three regions. The slip zone is where
the shear stress is almost uniform at the value
� � �y � �y=

���
3
p

. The non-linear recovery region is where
there is a non-linear transition from the maximum pla-
teau shear stress to nearly zero shear stress. Finally, the

Fig. 2. An illustration of the three types of constitutive behavior

described in this paper. These include the simple sliding model of Kelly

and Tyson, Eqs. (1)±(3), the sliding and elastic recovery model, Eqs.

(6)±(8), and the well bonded interface with an elastic perfectly-plastic

matrix, Eqs. (15)±(19).
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third region is where the shear stress is essentially zero.
The shear stress approaches ty only asymptotically near
the break, and approaches zero asymptotically far from
the break. Therefore, the entire curve actually lies in the
non-linear region. For practical considerations the non-
linear recovery region is taken to be ®nite with bound-
aries at the position where � � 0:99�y and � � 0:01�y.
Notice that the non-linear recovery zone does not
change size or shape signi®cantly as the applied strain
when the break occurs is increased. At higher strains,
the non-linear recovery region is located further from
the break and the length of the slipped region increases.
Similarly, the axial stress pro®les of Fig. 4 can be bro-
ken into three regions, a nearly linear region starting
from the break, a non-linear recovery region, and a
nearly uniform region. As with the shear stress, the axial
stress approaches a uniform gradient near the break and
a uniform value far from the break only asymptotically.
The non-linear zone in the axial stress distribution also
changes location with di�erent breaking strains while its
size and shape remain the same. The positions of the
non-linear recovery zones for the shear and axial stres-
ses are coincident. For a given moduli ratio and volume
fraction, the location of the non-linear recovery region

depends on the composite strain. Higher applied strain
implies that the region is located at a position further
from the break. Notice in Fig. 3 that if the applied strain
at which the break occurs is very low, then the initial
uniform shear stress region will not exist and the non-
linear recovery region will not be fully developed.

A closed form solution of Eq. (19) is not available so
a numerical investigation was used to determine some of
the characteristics of the recovery region. The size and
shape of the non-linear recovery region does not depend
on the applied strain (as long as the strain is su�ciently
high), but it does depend on the parameters Ef=Em and
w=D (again note that we have chosen Gm=3/8 Em).
Three parameters were chosen to describe the non-linear
region: its length, Ln, the applied strain at which it is
fully developed, "n, and the average axial stress in the
region when the ®ber breaks at an applied composite
strain of "n, �n. Fig. 5 contains a schematic that illus-
trates each of these parameters. The slip length, Ls, can
be obtained from the second parameter, "n, by the fol-
lowing formula,

Ls � D

4

Ef"

�y
ÿ Ef"n

�y

� �
: �22�

Notice the similarity to Eq. (6). Fig. 5 shows a sche-
matic of these parameters. For a given value of w=D, all
of these parameters can be ®tted to a power law of the
form

Fig. 3. Solution of Eq. (19) for the shear stress distribution, �(z), in a

broken ®ber as a function of the distance from the break, z, for dif-

ferent values of applied far ®eld strain.

Fig. 4. Solution of Eq. (19) for the axial stress distribution, �(z), in a

broken ®ber as a function of the distance from the break, z, for dif-

ferent values of applied far ®eld strain.

Fig. 5. A schematic of the three parameters characterizing the non-

linear recovery region, and their ®ts to a power law for four values of

the ®ber volume fraction.
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where P is one of the three parameters, A is a constant,
and n is a power law exponent. The ®ts for Ln, "n, and
�n have maximum errors between the ®tted curves and
the actual data points of 2%, 5%, and 7%, respectively.

Fig. 5 contains a table listing values of A and n for
values of w=D between 0.25 and 2. Note that as Ef=Em

or w=D go to zero, Ln, "n, and �n also go to zero, cor-
responding to the simple shear-sliding approximation
(Eqs. (2) and (3)). This becomes evident after careful
consideration of Eq. (19). As Ef=Em goes to zero, or
w=D goes to zero the only solution available for Eq. (19)
with the appropriate boundary conditions is a step
function for the shear stress. As w=D goes to zero, the
distance between ®bers is zero. The denominator of Eq.
(14) goes to zero, and therefore the shear strain in the
matrix can take on only two values. Either u=uc and
the shear strain is zero and the state of stress at the
interface is uniaxial extension, or u 6� uc and the shear
strain is in®nite and the state of stress is pure shear. This
is the physical origin for the step function shape of the
shear stress distribution when w=D goes to zero. As
Ef=Em goes to zero the physical reasoning for the step
function shape of the shear stress is not as simple.
However, mathematically it is clear that a step function
shape for the shear stress, and consequently a bilinear
distribution for the axial stress, is the solution to Eq.
(19) if the matrix is elastically rigid.

The three parameters listed above were not chosen
arbitrarily. All three of the above parameters are needed
to determine the slip length in a broken ®ber and the
average stress in the broken ®ber. The slip length and
average stress in the ®ber are needed if a GLS type
model is used to predict the strength of a composite
with load transfer governed by Eq. (19). The parameters
Ln and "n have another signi®cance as well. Eq. (22)
requires "n in order to calculate the slip (nearly constant
shear stress) region for a given loading. Landis and
McMeeking [8] have shown that the relative sizes of the
slip length and non-linear recovery lengths govern stress
concentrations in ®bers neighboring a ®ber break.
Relatively long slip lengths cause low stress concentra-
tions and short slip lengths (with respect to Ln) yield
higher stress concentrations.

As noted above, the strain at which the break occurs
and the strain to which the ®ber is subsequently loaded
must be speci®ed. Owing to the strain path dependence
of J2 ¯ow theory, di�erent loading conditions result in
di�erent stresses in the ®ber. This has a small e�ect on
the distribution of stress in the ®ber, but it is interesting
since the simpler model of Eqs. (7) and (8) cannot pre-
dict it. Consider a ®ber that is initially broken, i.e. the
strain to cause the break is zero. The composite is then
extended and stresses develop in the ®ber. Figs. 6 and 7

illustrate the di�erences in the shear and axial stress
pro®les for a ®ber that is initially broken and loaded to
the applied strain (denoted `initial break') and a ®ber
that breaks at the applied strain (denoted `loaded
break'). Also on Figs. 6 and 7 are the results from the
simple sliding model of Kelly and Tyson, Eqs. (1)±(3),
and the model with sliding and elastic recovery, Eqs.
(6)±(8). Notice that Eqs. (6)±(8) do a very good job of
predicting the stress pro®les for a ®ber that breaks at the
applied strain, the `loaded break'. This is in fact true for
most combinations of material parameters. The stress
distributions can be broken up into the same regions
that were described for a ®ber that breaks at ®nite
strain. The axial and shear stress pro®les will develop
and then the non-linear region will move along the ®ber.
For a given set of parameters, Ef=Em, w=D; and Ef"=�y;
the length of the non-linear recovery zone for a ®ber
that breaks at strain " will be shorter than the same zone
for a ®ber that is initially broken in a composite then
extended to strain ".

Fig. 6. Comparison of the solution to Eq. (19) for the shear stress in a

broken ®ber for an initial break and a loaded break. Also on this plot

are the results for the shear stress of the simple sliding model, Eq. (3),

and the sliding with elastic recovery model, Eq. (8).

Fig. 7. Comparison of the solution to Eq. (19) for the axial stress in a

broken ®ber for an initial break and a loaded break. Also on this plot

are the results for the axial stress of the simple sliding model, Eq. (2),

and the sliding with elastic recovery model, Eq. (7).
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Fibers that break ®nite strain and then subsequently
loaded will have the stress pro®le of a loaded break
initially, then the stress pro®le will approach the dis-
tribution of the initial break as increasing amounts of
strain are applied. This behavior may have interesting
e�ects on stress concentrations in neighboring ®bers.
Generally, as shown by Landis and McMeeking [8], as
strain is increased when sliding is present the stress
concentration in a neighboring ®ber decreases. In [8] a
constitutive law like the one used in Eqs. (6)±(8) was
used and therefore the non-linear recovery length
remains constant while the slip length grows. In Eq. (19)
both Ln and Ls can change simultaneously. Unfortu-
nately, the model presented here does not consider other
®bers and the e�ect on their stresses cannot be found.
The dependence of the shear and axial stress distribu-
tions on the loading sequence arises from the load path
dependence of a plastically deforming material.

Returning to ®bers that break at ®nite strain, three
parameters are needed to solve Eq. (19): Ef=Em, w=D;
and Ef"=�y (notice that �m is taken to be 1/3 and
Gm � 3=8Em; otherwise Ef=Gm would also have to be
speci®ed). Figs. 8 and 9 are plots that illustrate the
in¯uence of these parameters. The axial coordinate
normalization 4�y=Ef" z=D maps a single simple shear
sliding slip length, Ls, to one unit. The axial stress nor-
malization �f=Ef" in Fig. 9 causes a value of unity to
represent the far ®eld stress in the ®ber. The shear and
axial stress pro®les of the simple shear-sliding model are
shown as a comparison in Figs. 8 and 9, i.e. Eqs. (3) and
(2), respectively. Also, Eqs. (7) and (8) give very good
approximations to the shapes of the axial and shear
stress distributions respectively. As Ef=Em ! 0,
w=D! 0; or Ef"=�y !1 the shear and axial stress
pro®les from the solution of Eq. (19) approach the sim-
ple shear-sliding curves. Note that the limits Ef=Em ! 0
and w=D! 0 will create a true step function for the
shear stress distribution, while the limit Ef"=�y !1

causes the approach to a step function due to the choice
of the normalization.

3. Finite-element model

Finite-element calculations were done to determine
the validity of the shear-lag model with the elastic/per-
fectly-plastic matrix constitutive behavior. The model
does not consider the exact three-dimensional geometry
of the ®ber composite system, but instead idealizes the
geometry as axisymmetric ([9±12]). Fig. 10 is an illus-
tration of the axisymmetric model along with the actual
values used for volume fraction, moduli ratio, and
applied strain to calculate solutions for the stresses. The
model has a broken ®ber at the center, an annulus of
matrix of width w surrounding the broken ®ber, an
annulus of ®ber material representing the nearest
neighbor ®bers, an annulus of matrix, and ®nally an
annulus of material that has the averaged composite
properties. The width of the annulus of ®ber material,
denoted m in Fig. 7, is chosen such that its volume is
equal to the volume of the six nearest neighbor ®bers.
The width of the second annulus of matrix material is
taken to be one half of w, and the thickness of the
composite annulus is 2w. The length of the model, L, is
chosen such that the shear stress at the ®ber/matrix
interface is approximately zero at z=2/3 L for the listed
applied strain. The ®ber material is elastic and the
matrix material is elastic/perfectly-plastic. The yield
stress of the matrix, �y, is taken to be Em/1000. The
Poisson's ratio of all materials is taken to be one third.
The loading conditions are for a ®ber that has broken at
a ®nite strain. The model is extended uniformly to the
strain at which the ®ber fails. This also causes the
matrix to yield. Thereafter, the tractions on the end of
the broken ®ber are removed incrementally while the
displacements of the remaining boundary of the model
are held ®xed. No further strain is applied to the model

Fig. 8. The shear stress distribution in a broken ®ber as a function of

distance (in slip lengths as given by Eq. (1)) from the break. The curves

follow the arrow as the ®ber to matrix moduli ratio decreases, the ®ber

volume fraction increases or the applied strain increases.

Fig. 9. The axial stress distribution in a broken ®ber as a function of

distance (in slip lengths as given by Eq. (1)) from the break. The curves

follow the arrow as the ®ber to matrix moduli ratio decreases, the ®ber

volume fraction increases or the applied strain increases.
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after this process is completed. The model was com-
puted with four sets of moduli ratios and three volume
fractions as shown in Fig. 10. The commercial ®nite-
element package ABAQUS was used and the results for
the shear stress at the ®ber/matrix interface are com-
pared to the shear-lag model.

The shear-lag results are shown to be in excellent
agreement with the more detailed ®nite element results.
Fig. 11(a) and (b) plot the shear stress from the solution
of Eq. (19) against the ®nite-element results. Also shown
are the results from Eq. (8), which is the shear-lag model
combining Cox's original elastic version with a shear-
sliding interface zone near the break. The zero point on
the z axis is taken to be where the non-linear recovery
region begins, i.e. where � � 0:99�y. This is done for two
reasons. First it is easier to compare the di�erent non-
linear recovery zones. Second, any shear stress distribu-
tion for a higher strain than "n can be constructed by
adding a uniform shear stress zone from z=0 to z=Ls

(where Ls is given by Eq. (22)), and moving the begin-
ning of the non-linear recovery region to z=Ls. The
value of "n is also given on Fig. 11(a) and (b). The
composite properties represented were chosen such that
a wide range of non-linear recovery lengths would be
presented. Fig. 8(a) and (b) show that there is good
agreement over a wide range of moduli ratios and ®ber

volume fractions between Eq. (19) and the ®nite-ele-
ment calculations.

Eq. (8) is also a good approximation to the shear
stress distribution for most of the material systems con-
sidered. Eq. (8) has a sharp kink in the plots of shear
stress versus distance from the break distributions where
the shear stress begins to drop o� from the plateau
stress. Eq. (8) cannot predict di�erences in the stress
distribution due to di�erent loading conditions, as the
solution of Eq. (19) is able to do as discussed in the
previous section. In general Eqs. (7) and (8) give a good
approximation to the stresses in a broken ®ber in a
plastic matrix, but Eqs. (7) and (8) do not show some of
the ®ner details of the solution to Eq. (19).

4. Discussion

Modeling the strength of composite materials requires
an understanding of how stresses are distributed around
®ber breaks. A complete solution to the governing
equations (equilibrium, compatibility, and constitutive
behavior) for this complicated three-dimensional system
would require a great deal of numerical computation.
However, the shear-lag approximation has been shown
to compare well with an axisymmetric ®nite-element

Fig. 10. The geometry of the ®nite element mesh, and a list of the composite material and geometric parameters and the applied strain.
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model, and is much less onerous in computation. The
shear-lag approximation allows all ®eld quantities to be
related to the axial displacement of the broken ®ber.
Depending on the complexity of the matrix constitutive
behavior, the solution of the shear-lag model is either a
closed form expression or requires minimal numerical
calculations.

The model developed was one for continuous, brittle,
elastic ®bers well bonded to a ductile matrix with elastic/
perfectly-plastic constitutive behavior. The solutions to
the model were compared to a simple version where the
shear stress is assumed to be constant over a ®nite slip
region around the break. Three parameters control the
shape of the stress pro®les in the ®ber, Ef=Em;w=D; and
Ef"=�y (again we assume Gm=3/8 Em). The ®rst two
parameters dictate the size and shape of the non-linear

region of the shear stress and axial stress distributions,
and the third parameter speci®es where the non-linear
region is located along the ®ber. The simple sliding
model for the axial stress pro®le in the ®ber serves as an
upper bound to the axial stress predicted by the shear-
lag model of Eq. (19). For volume fractions where the
®bers are not in contact, as the parameter Ef=Em goes
to zero, i.e. the matrix material is elastically rigid, the
stress pro®les approach those of the simple sliding
model.

This is an interesting result when the assumptions of
the GLS composite strength model are considered
(Curtin [2]). Originally, GLS was used for ceramic
matrix composites but it has also been used to predict
the strength of metal matrix composites [10]. The GLS
model assumes that the load shed by broken ®bers is

Fig. 11. A comparison of the ®nite-element calculations (discrete points) with the shear lag model presented in this paper (solid lines), and Eq. (8)

(dashed lines). The shear stress is plotted as a function of the distance from the break for four combinations of ®ber volume fraction and ®ber to

matrix moduli ratio. The longest curve was taken out of the inset for clarity.
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shared equally by all intact ®bers on the plane of the
break. No load is carried by the matrix. It is also
assumed that shear sliding occurs at a uniform sliding
stress over a ®nite distance around the break. It has
been shown by the shear-lag model that the latter
assumption is true when the matrix is elastically rigid in
shear and yielding occurs at the interface. It is interest-
ing to note that the former assumption also holds when
the matrix is rigid in shear. Landis and McMeeking [8]
developed a model to predict stress concentrations in
®bers adjacent to a broken ®ber in the presence of
interface sliding. They showed that when Ls � Ln, i.e.
Ls/Ln! , the stress concentration in a ®ber neighboring
a break vanishes. This work, as well as [8], shows that
Ln! 0 when Gm! . Therefore the GLS composite
strength model is a description of a composite with long
brittle elastic ®bers embedded in a matrix that will not
carry axial loads, but is rigid in shear, and `yields' at a
prescribed level of shear stress. This `yielding' can take
the form of localized shear yielding for a ductile matrix,
or interface sliding for a brittle matrix.

The main de®ciency of this model is that it does not
consider the stresses in ®bers neighboring the break.
While not done in this work, it is possible to generalize
the governing equations developed here to include
interactions with other ®bers. In order to truly under-
stand composite failure, knowledge of the stress con-
centrations in neighboring ®bers is needed. While the
model presented here does not increase our knowledge
of stress concentrations in composites, it does develop
the basic mechanics that are necessary to understanding
failure in ductile matrix composites and also illustrates
some phenomena that cannot be captured by simpler
models.

Often shear-lag models are misconstrued as exact
solutions. Shear-lag models make many simplifying
assumptions to the governing equations of solid
mechanics. The elastic/perfectly-plastic matrix response
lends itself to the shear-lag description. It has been
shown here that the model is in good agreement with
more detailed numerical calculations and a simpler shear-
lag model for a wide range of composite properties.
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Appendix A. Finite di�erence scheme

In this appendix the ®nite di�erence scheme that was
used to solve Eq. (19) of the main text is described. The

stresses, strains, lengths, displacements, and moduli are
normalized as follows:

�̂ � �

�y
; �̂m � �m

�y
; �̂f � �f

�y
; "̂ � Ef"

�y
; ŵ � w

D
; z � z

D
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û � Efu
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D; Ê � Em

Ef
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Ef
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Eq. (19) becomes
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The ®ber is discretized into Nÿ 1 equal segments of
length �ẑ � L̂=N; where L̂ � L=D; and L is the total
length of the ®ber. For the calculations done in this
paper, L is taken to be su�ciently long such that the
solutions represent an in®nite ®ber. The time history of
the loading is then broken into two segments. The ®rst
segment is when the ®ber just breaks and the applied
strain rate is zero. During this time segment the trac-
tions at the broken end of the ®ber are released gradu-
ally to zero. During the second time segment the applied
strain rate is not zero, but the strain at the broken end
of the ®ber is always zero. Each of these time segments
is discretized into a ®nite number of time steps �t. It is
assumed that the ®ber displacements are known every-
where along the ®ber at time t. A centered ®nite di�er-
ence scheme yields:
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where the subscripts denote positions along the ®ber in z
space, and superscripts denote material times in t space.
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The solution of Eq. (19) results in the solution of a tri-
diagonal matrix for each time step. Notice that the
coe�cients �, �, , and � change after each increment of
time. The di�erence equation for an interior point on
the ®ber becomes

�iû
t�1
i�1 � �iût�1i � iût�1iÿ1 � �iûti�1 � �iûti � iûtiÿ1 � �i:

�A:11�

Eq. (A.11) is valid for1 < i < N:
The equation at i=N is

ût�1N � ûtN � _̂"L̂�t: �A:12�

For the node at the ®ber break, i=1

�̂1 � ÿ 1

4

ÿ7ût1 � 8ût2 ÿ ût3
2�ẑ2

ÿ 3

�ẑ
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� �
; �A:13�

where "̂break is the normalized strain at the break for
time step t. For the ®rst time segment when the ®ber just
breaks, "̂break will be a positive value. For subsequent
loading "̂break will be zero. By de®ning
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where _̂"break is the rate at which strain is increasing at
the break, _̂"break is negative during the break process,
and zero during subsequent loading. The di�erence
equation for the node at i=1 is

�1û
t�1
1 � 1ût�12 � �1ût1 � 1ût2 � �1: �A:17�

The shear stresses in Eqs. (A.5) and (A.13) must not be
allowed to exceed the shear yield strength. Therefore if
the value of � is very close to ty then it is given the value

ty so that the next time increment will not violate the
yield condition.

The initial displacement pro®le is û0i � "̂fractureẑi; ,
where "̂fracture is the normalized strain when the ®ber
breaks. Eqs. (A.11), (A.12) and (A.17) constitute a tri-
diagonal set of N linear algebraic equations to be solved
for the displacements at time t+1. The updated dis-
placements are used to calculate updated shear stresses,
and the process continues until the applied strain
reaches its ®nal value.
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