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Abstract

We investigate the normal polarization induced by bending of graphite shells, which microscopically occurs because

of a shift in sp2 hybridization at each atomic site. Based on a rehybridization model we analytically estimate the de-

pendence on curvature of electronic charge spill into convex region. We further performed DFT calculations and ex-

tract the radial atomic dipole by direct electronic charge density integration. A continuum analysis assigns a linear

susceptibility tensor to the curvature-induced polarization and shows that this tensor is isotropic for hexagonal lattice,

in agreement with microscopic model and computations. The intrinsic polarization effect can be important for nano-

scale electronics. � 2002 Elsevier Science B.V. All rights reserved.

Due to potential applications, there has been a
constant interest in the electronic structure of
carbon nanotubes (CNTs), graphite cylinders of
diameters as small as a few angstroms and lengths
of fraction of microns. An increasing attention is
directed to the detailed electronic spatial structure
of CNT, which prompted a series of theoretical
studies, and ultimately direct experimental obser-
vations of the electronic charge density [1].
By bending a graphite sheet as in a CNT one

introduces an asymmetry in the p-orbital overlap,
which brings into a closer proximity the segments
of p-orbitals situated inside cavity and spaces
apart the outer wings. Therefore, Coulomb re-
pulsion inside cavity increases with curvature and

leads to a redistribution (rehybridization) of the p-
orbitals from the sp2 of graphite to something in-
termediate between sp2 and sp3. This results into
an electronic charge transfer from the concave to
the convex region. So far, there have been no self-
consistent calculations that would focus on the
magnitude of the charge redistribution in single-
wall CNTs due to curvature. Here we investigate
the curvature-induced polarization into the rolled
graphite sheet by calculating the magnitude of
the induced normal atomic dipole at each atomic
site.
Rehybridization in the CNT network is always

expected, but earlier electronic band structure
studies estimated that such band mixing effect can
be neglected for most nanotubes. However, first-
principle calculations revealed that curvature ef-
fects become dominant in zigzag nanotubes with
very small diameters [2]. More recent analytical
calculations found that rehybridization can play
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an important role in the CNT band structure even
at intermediate radii [3].
Recent experiments [4] suggest that curvature-

induced charge redistribution is present, and results
into a genuine property of single and multiwall
CNTs, non-existent in plane graphite: there is a
build-in electrostatic field perpendicular to CNT’s
surface, solely due to curved geometry. The surface
electric field is believed to cause antilocalization,
whose signature is seen in the reported positive
magnetoresistance measurements in CNTs under
low magnetic field. An additional motivation in-
volves the recent field of chemistry inside CNT.
Known to be less chemically reactive than graphite,
CNT cavities serve as nanosize test tubes for
chemical reactions in confined geometries. Reac-
tions energetics inside could be significantly altered
under the influence of electrostatic potential pro-
duced by the charge distribution in the wall. In
addition, when CNT capillary filling is dominated
by van der Waals forces, knowledge of the intrinsic
surface polarizationmay serve in understanding the
observed size dependent wetting [5].
We begin by recognizing that carbon atoms in

the CNT network are not planar and instead are
pyramidalized: the three ri-bonds, directed toward
positions of nearest neighbors, are now tilted
down by the angles ai relative to the tangential
plane, as shown in Fig. 1. To capture the curvature
effect in an orbital model we adopt the p-orbital
axis vector (POAV1) construction [6,7], previously
used in studies of CNT reactivity [8] and strain-
driven chemistry [9]. POAV1 extends the graphite
r–p separability to non-planar case, where it is still
possible to divide the wavefunction into localized
r–p hybrids. The geometrical tilting of r-bonds is
accomplished by introducing a degree of pz atomic
orbital mixing into graphite’s r network. To pre-
serve orthogonality, a ‘fractional hybridization’ of
hp orbitals is further necessary, and the p-hybrids
are now represented by a p- and s-orbital mixing,
as

hp ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

p ðsþ kpzÞ: ð1Þ

Parameter k depends directly on curvature through
the pyramidalization angle Hrp [6]:

k2 ¼ 1� 3 cos
2 Hrp

2 cos2 Hrp
: ð2Þ

Eq. (2) assumes an equal average r-bond hybrid-
ization in a C3v symmetry, an approximation ad-
equate for most applications [7]. As shown in Fig.
1b, Hrp is the angle between the r and p hybrids
and has the well-known values of 109�280 and 90�
for sp3 and sp2 hybridization, respectively.
The pyramidalization angle deserves special

attention since it can be measured exactly from
experimental or theoretical configurations and
only nearest-neighbor atomic coordinates are
needed [6]. Hrp provides a simple way to charac-
terizes the changes in the p-orbital character and is
also a measure of local strain and reactivity [8].
We obtain next an analytic description of Hrp

for various (n;m) CNTs, to first order in a=R. Here
a ¼ 1:42 �AA denotes the distance between two C
atoms and R is the CNT radius. For this, it is more
convenient to describe CNT atoms in the nano-
tube coordinate ðĉc; t̂tÞ, where ĉc stands for the cir-
cumferential direction and t̂t indicates the
translational direction along the CNTs axis. If we
denote by bi (i ¼ 1; 3) the angles made by the r-
bond angles of the unrolled graphite sheet with the
c direction, the CNT’s chirality angle h is given by

(a) (b)

(c)

Fig. 1. (a) The p-orbitals of graphite are symmetric and per-
pendicular to the r-bonds plane. (b) In a CNT, each ri bond is

tilted down by an angle ai, which breaks the symmetry of p-
orbital charge distribution. (c) Orientation of hp orbital in the

context of CNT ðt; cÞ-coordinate system, where t is directed

along nanotube axis.
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min jbij. In ðĉc; t̂tÞ system, the orientation of the ri-
bond can be defined in terms of the two angles bi

and ai, as

r̂ri ¼ n̂n cos ai þ ĉc sin ai cos bi þ t̂t sin ai sin bi; ð3Þ
where

sin bi ¼
1

2ch

n� m;

nþ 2m;
mþ 2n;

8><
>:

cos bi ¼
ffiffiffi
3

p

2ch

nþ m;

�n;

�m;

8><
>:

ð4Þ

with ch ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ nmþ m2

p
. From simple geometri-

cal considerations, the geometrical tilting angles ai

are [3]

sin ai ¼
a

ffiffiffi
3

p

4chR

nþ m;
�n;
�m;

8<
: cos ai ’ 1: ð5Þ

When the hybridized hp orbital is constructed or-
thogonal on any ri, it results [3] that it is inclined
with an angle d ¼ a=4R relative to the normal di-
rection of tube surface, whereas the direction of
the inclination rotates with 3h relative to the c

direction (Fig. 1c):

ĥhp ’ n̂nþ ĉc sin d cos 3h þ t̂t sin d sin 3h; ð6Þ
where as before h represents CNT’s chiral angle.
Employing these expressions, one obtains the py-
ramidalization angle to first order in a=R as

cosHrp ¼ ĥhp 
 r̂ri ¼ � a
4R

; Hrp �
p
2
’ a
4R

: ð7Þ

Expression (7) shows a linear increase of pyrami-
dalization angle on curvature, and more impor-
tantly gives the coefficient of this dependence. The
obtained values of Hrp for various CNTs are
shown in third column of Table 1. We also in-
cluded in the fourth column values obtained by
direct calculation [10], which obviously demon-
strate the reliability of the present analytical
treatment. Overall Hrp–90� values are not negli-
gible and, through the s–pz hybridization mecha-
nism of Eq. (1), an increasing quantity of
electronic charge will be transferred from inside to
outside CNT. Also, there should be no noticeable

difference in the induced atomic surface dipole as
the CNT’s chirality is varied.
The angles between the r-orbitals given by Eq.

(3) are equal to first order in a=R. Therefore, in this
approximation the angles between the orthogonal
hp orbital and each of the r bonds should be same.
It is therefore adequate to further employ Eq. (2),
which assumes this type of symmetry, for evalu-
ating the degree of s-orbital presence in the hp

molecular orbitals.
To measure the curvature-induced atomic di-

pole, various dipole matrix elements between s and
p atomic-like states must be accounted. (For a
detailed analysis of various dipole matrix elements
between s and p states see [11].) A main contri-
bution is expected from the on-site dipole matrix
element

lp ¼ e
Z

zh2p dr ¼
2ek

1þ k2
�llspz ; ð8Þ

where e is the electron charge and �llspz ¼
R
zspz dr.

Employing (7) and (2), (8) becomes

lp ¼
e�llspzffiffiffi
2

p a
R
: ð9Þ

A first estimate of the atomic dipole can be done by
employing s and pz carbon atomic orbitals where
�llsp ¼ :89 a.u. [12], which results in a significant
dipolar magnitude. However, because of electronic
charge redistribution in a CNT we expect lower

Table 1

Pyramidalization angle and integrated atomic dipole (Debye)

for a variety of CNTs of radius R (�AA)

CNT R Hrp � 90� Hrp–90�a l?

ð4; 4Þ 2.72 7.50 – 0.31

ð5; 5Þ 3.40 5.99 5.97 0.25

ð6; 6Þ 4.10 4.97 4.99 0.20

ð7; 7Þ 4.76 4.28 4.27 0.17

ð8; 8Þ 5.43 3.75 3.74 0.15

ð10; 10Þ 6.84 2.97 3.00 0.12

ð12; 12Þ 8.20 2.48 – 0.10

ð6; 0Þ 2.36 8.65 – 0.38

ð7; 0Þ 2.75 7.41 – 0.32

ð8; 0Þ 3.14 6.49 – 0.27

ð10; 0Þ 3.90 5.21 5.15 0.21

ð12; 0Þ 4.72 4.31 4.30 0.17

a Pyramidalization angles by direct calculation, as reported in

[10].
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values and �llsp is viewed as a parametrization. For
example, based on first principles calculations,
�llspz ¼ :50 a.u. was employed in evaluation of un-
screened polarizability in CNTs, with no other
overlap dipole elements needed [11]. In the same
spirit we construct a TB model to estimate the
atomic polarization based on Eq. (9) with the above
parameterization which results into the chirality-
independent form ln ¼ 1:27=R Debye �AA.
We next concentrate on exact calculation of the

surface polarization by direct charge density inte-
gration. We equate the polarization of an extended
system like CNT as a sum of atomistic contribu-
tions, where partitioning into domains is per-
formed within the framework of atom in molecules
(AIM) scheme [13], largely employed in theoretical
chemistry. Based on an atomic view of the prop-
erties of matter, AIM decomposes the electronic
charge density of a molecule into non-overlapping
regions where the boundaries of an atom are nat-
urally defined by a surface X of zero-flux in the
charge density gradient

rqeðrÞ 
 nðrÞ ¼ 0 ð10Þ
at all points r on X, with n(r) the surface’s normal
vector.
In a coordinate system centered on nucleus with

axes along the cluster’s coordinates, atomic prop-
erties are defined as volume integrals over the
atomic basin X of the charge density. For example,
the first moment of qe measures the displacement
of the atom’s electronic cloud from the position of
nucleus

liðXÞ ¼
Z

X
riqeðrÞ dr; ð11Þ

where ri is the ith component of the radius vector.
Dipolar contributions given by (11) are seen as
building blocks that reproduce the permanent di-
pole of a molecule. In addition, when applied to a
first-order field induced dipole, the atomistic con-
tributions are shown to reproduce the experimen-
tally measurable molecular polarizability [14].
It has been recently argued that the atomic

domains defined by Eq. (11) represents chemically
meaningful additive blocs for describing the mac-
roscopic polarization of an extended system [15].
Employing these decomposition, we next per-

formed a direct evaluation of the CNT’s AIM
atomic dipoles by direct integration of the self-
consistent ab initio electronic charge density. We
utilized the implementation of density-functional
(DF) theory with Gaussian-type orbitals and pe-
riodic boundary conditions (PBE) incorporated in
the CRYSTAL’98 package [16]. Our DF Hamilto-
nian incorporates a Hartree–Fock exchange and a
non-local Perdew–Wang correlation term. In
studying the zigzag ðn; 0Þ and armchair ðn; nÞ
tubes, the unit cell contained 4n atoms. To per-
form the momentum space integration, the quasi-
1D Brillouin zone was sampled by 8 k-points. The
computed ab initio electronic charge density was
further analyzed using the interfaced program
TOPOND [17].
With the choice of AIM decomposition CNT’s

volume is partitioned into identical domains cen-
tered on atoms with an electronic population of six
electrons. Integration inside an atomic basin is a
non-trivial task, as can be seen from a topological
analysis of charge density gradient in Fig. 2. The
marks on the figure indicate extremum points in
charge density rqe ¼ 0: the full circles (squares)
represents absolute maxima (minima), crosses be-
tween nuclei indicate saddle points defining bonds
paths (here segments along where electron density
is maximum), whereas the full triangles are critical
points with two positive eigenvalues. Such critical
points help define the interatomic surfaces. For
example, the unique set of trajectories (Fig. 2b)
starting at the central minimum (j) or infinity,
and connecting to the bond points (+), define a
surface that separates the basins of neighboring
atoms which satisfies condition (11). For a com-
plete determination of the interatomic surface X
the indirect method of Keith [18] was employed.
Further, the atomic basin was capped at a distance
of 8 �AA from the nuclei for the situation in which
the gradient rays does not have a finite intersection
with the zero-flux surface.
Integration inside atomic basins is conducted in

spherical coordinates with origin placed on nuclei
and the charge density was sampled at 64 /- and
48 h-points, respectively. Accuracy of numerical
determination of X and the integration within
atomic basin was evaluated by integrating the
Laplacian of electronic charge [17], which based
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on Eq. (10) should vanish. In all our computation
this is not larger than 1 10�4 a.u. Another useful
check is computing the vanishing net atomic
charge inside a carbon atomic basin. In all case the
difference was less than 0.001 a.u. or less.
We calculated the dipole moments of the ðn; 0Þ

and ðn; nÞ tubes for 66 n6 12. The magnitudes are
shown in the last column of Table 1. In agreement
with the pyramidalization model, dipoles are
found oriented approximately perpendicular to
CNT’s surface with the electronic charge dis-
placement directed toward outside CNT’s.
Fig. 3 investigates the dependency of the atomic

polarization on CNT’s curvature. It turns out that
the predicted linear dependence holds for relatively
high distortions; higher-order corrections become

important for curvature values beyond 0.13 �AA
�1
,

corresponding to a ð10; 0Þ CNT. To obtain
agreement over the linear-dependence interval, the
pyramidalization dipole parameterization was
scaled to �ddspz ¼ :325 a.u. in Fig. 3. For the linear
range ln ¼ :82=R Debye �AA.
As in the pyramidalization model, the inte-

grated atomic dipoles are chirality-independent.

This result is supported by a continuum analysis of
the susceptibility to bending of the hexagonal lat-
tice. Indeed, the linear dipole moment per unit
area versus curvature response of graphite is a
material property that can be represented by a
second rank tensor vab through the relationship

Fig. 3. Computed normal atomic dipole, function of CNT’s

curvature.

Fig. 2. (a) Longitudinal section of the ð6; 0Þ-CNT unit cell, showing gradient lines of electronic charge density and the resulting
partition into atomic domains. Horizontal line is the CNT axis and shaded area represents intersection of the longitudinal plane with

an atomic basin. (b) Transversal section trough the middle of axial bonds (+), showing atomic basin surfaces.
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Pn ¼ vabkab: ð12Þ

Here Pn is the dipole moment per unit area normal
to the surface, and kab are the components of the
symmetric curvature tensor. Note that summation
is implied over repeated indices and a and b range
from 1 to 2. Both the 1 and 2 directions are local to
the point on the surface in consideration, and are
orthogonal to the normal direction at that point;
i.e. they can be any two directions tangent to the
surface and orthogonal to one another. Then, the
normal curvature, kn, in any tangent direction with
components ea is given by kn ¼ kabeaeb. The
Gaussian curvature of the surface at this point is
K ¼ k11k22 � k12k21, and the mean curvature is
H ¼ ðk11 þ k22Þ=2. Note that any Gaussian curva-
ture of the surface requires an associated amount
of in-plane stretching that can in turn affect the
normal dipole moment per unit area. However,
this effect results in a higher order contribution to
Pn (e.g. Pn ¼ vabkab þ xabcdkabkcd þ 
 
 
).
Due to the in-plane 6-fold symmetry of graphite

the tensor vab must be isotropic such that
vab ¼ vdab, where dab is the Kronecker delta. It is a
relatively straightforward exercise to prove this
fact. First, recognize that the components of dab

given in one coordinate system must be equivalent
to the components of dab in a coordinate system
rotated about the surface normal by an angle of
60� from the initial system. This statement leads to
three algebraic equations governing the compo-
nents of vab

v11 ¼
1

4
v11 þ

ffiffiffi
3

p

2
v12 þ

3

4
v22;

v22 ¼
3

4
v11 �

ffiffiffi
3

p

2
v12 þ

1

4
v22;

v12 ¼ �
ffiffiffi
3

p

4
v11 �

1

2
v12 þ

ffiffiffi
3

p

4
v22:

ð13Þ

The solution to these equations is v11 ¼ v22 � v,
and v12 ¼ 0. From the AIM integrations v ¼ :31
Debye/�AA.
AIM scheme has also the advantage of dis-

tributing over atoms important molecular quan-
tities, including electrostatic potential [19]. An
array of dipole moments at each atomic site forms
a double layer and can cause a potential difference

between the inside and outside of the tube. Its
value (positive, that is lower energy for electrons)
equals Pn. Interesting generalization of these
conclusion follows from simple superposition of
such potential gaps from the concentric walls in a
the multi-wall nanotubes. The inverse diameter
dependence after summation yields an overall
potential in the center that must increase as a
logarithm of the number of layers. Certain cau-
tion must be observed in such extrapolation due
to possibility of charge transfer between the walls,
and possibly non-negligible contributions of the
higher multipoles (quadrupole, etc.) of the charge
distribution. To quantify these corrections may
require further studies.
In summary, we have shown that curvature of

CNT will result in significant p-orbital rehybrid-
ization, measured by pyramidalization angle Hrp.
As a result, at each atomic site the center of elec-
tronic charge is displaced outwards from the
nuclear charge and the corresponding curvature-
induced dipole moments are calculated. This effect
quantifies a peculiar piezoelectricity of mono-
atomic graphene layers.
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