
SYSTEM THEORY

1. Given w is a left eigenvector of matrix A with real negative eigenvaluE
A' that is wT A = AWT:, - -

• Find an expansion for wT cAt using the eigenvalue A, where eAt =
",",00 (At)kL..k=O k! .

• Let a < (3. The set {z: E ~N I a::; wT z: ::; (3} is referred to as a

slab. Briefly explain this terminology based on the mathematica]
definition. Draw a picture in ~2.

• Consider the system ,t = A~. Show that for all t ~ 0, ~(t) lies in
the slab {z: E ~N I 0::; wT z: ::; wT ~(O)}

2. Using the following facts about the function f(t):

• f (t) is real.

• f(t) is periodic with period T = 4 and it has complex Fourier
series coefficients ak (that is, f(t) = L~oo akeik-rrt/2).

• ak = 0 for Ik I > 1.

• The function g(t) with Fourier coefficients bk = e-i1rk/2a_k is odd.·iJ4If(t)12dt = ~,where J4 means integration over any period oj
f·

What is f(t)?

3. Find the point or points that minimize the performance index

subject to the inequality constraint

x ~ O.

Use a slack variable and a Lagrange multiplier.



4. Solve the following optimal control problem: Find the control history
u(t) that minimizes the performance index

subject to the differential constraint

x=u

and the prescribed boundary conditions

to = 0, Xo = 0, x f = 1.

At some point in the solution process it becomes apparent that there

can be more than one solution or that there are multiple subarcs (for
example, y2 = 1 gives y = ±l). Prove that there can be only one
one-subarc solution and that there are no multiple subarc solutions.
Finally, in words, how do you show that an optimal control is a weak
relative minimum.

5. A linear system is described by the following model,

where, at each time ti, Yi is the observation, Hi is the lxn partials
matrix, x is the nxl state vector, and Ei is an unknown error term.
In addition, each measurement is assigned a constant positive scalar
weight value, Wi. You are given a series of m linearly independent
measurements of the state. For this particular problem, m is equal to
the number of parameters, n, being estimated (i.e., m=n).

(a) Define the performance index and derive the weighted least squares
solution for the system described above, and prove that it is a min­
Imum.

(b) Can this system also be solved by using the method of minimum
norm? Justify your answer.

(c) How would the WLS solution found in part (a) change if the weight
value, Wi, were doubled in magnitude?
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