2006 Orbital Mechanics Written Qualifying Exam Student Number

Instructions
e This is a closed book and closed notes exam
e  There are 5 problems, each of equal weight
e  Use a separate page to solve each problem
e  Answer all problems
Problem 1
(a) A satellite of mass m orbits a planet of mass M . The relative position vector of m with respect to M is
r. In addition to the force of Newtonian gravity, the satellite experiences a force F. Derive the equations
of motion.
(b) Ifthe force F in (a) can be derived from a scalar function R such that F = VR, determine the effect(s) on
the motion of m if
sini
R= S W where K = constant
ad
You should provide the mathematical support for a verbal description of the effect(s).
Problem 2
It is known that the solution of the two-body problem is a conic section:
r=—2>"  Where p= hz/p and r is the magnitude of the relative position vector r
1+ecos f
The perifocal frame is a convenient coordinate system in which to express r and the relative position vector v
for non-circular orbits. The perifocal frame is defined with the origin located at the central body, the x-axis X,
pointing toward periapsis, the z-axis Z,, along the angular momentum vector, and the y-axis ¥, completes the
right-hand system. The perifocal unit vectors in the direction of X > Yy » Z,, aredenoted P, Q, W.
Derive expressions for r and v in the perifocal frame as a function of the semilatus rectum, eccentricity and
true anomaly.
Problem 3

You are tasked with designing a sequence of maneuvers ( A¥s) to move a geostationary satellite from its current
location to a geostationary orbit located 10 degrees to the east. The total AV is limited to no more than 10 m/s
and the total time required to execute the maneuvers must be less than 100 days.

Describe your design in a few sentences and show that it meets the mission constraints, i.e., determine the
magnitude (in m/s) and initiation time (in days) of each AV needed to complete the maneuver.

The gravitational parameter of the Earth is 3.986 x 10" m*/s”.



2006 Orbital Mechanics Written Qualifying Exam Student Number

Problem 4

The normalized two-dimensional restricted three-body equations of motion in a rotating frame for a particle
moving freely in the presence of two gravitating point masses that are in circular orbits about each other can be

written in the following form:

J'r'—+2'+a—U
air”

j5’=—25r+gl—/-

where U is a scalar potential term dependent on the masses of the gravitating bodies and the position
coordinates of the particle.

(a) Write the system as a first order system of ordinary differential equations x = f(x) and let x, bea

reference solution (such as an equilibrium point, for example) and define 5;(;) = x(r)— Xo (;) . If we label

components of §x and its first time derivative x as:

ox ox
sx=%| and si=|%|

ox 5%

5y 5y

linearize these equations at an arbitrary point to get a system of the form §x = Aéx. Whatis A?

(c) Consider the following n-dimensional linear system Sy = DSy where D is a diagonal matrix, e.g.

A4 0 0
0 w0
D=| . ZQ . :
0 0 - A,

What is the general solution of this system?

(d) Diagonalize the system §x = ASx and write the solution for 5,;( ;).






