Mathematics Qualifying Exam
2006

1. Consider the following initial-value problem.
T+ w23? = ng(t — tn)
z(0) =2(0) =0,
where § denotes the Dirac delta, t; > 0, and F; is a parameter. Solve this problem using
either (a) elementary calculus or (b) the Laplace transform. If you take approach (a)
explain how the delta distribution translates into interface conditions on the solution
at t = to. If you take approach (b), first define the Laplace transform for the delta

distribution and compute it, solve for the Laplace transform of the solution z, and use
the Residue Theorem to compute the inverse Laplace transform.

2. Solve the following eigenvalue problem.
e Derive the formula for the gradient in R2 in polar coordinates,
u 10u

V= o Y50

e Use the formula for the gradient to derive the formula for the Laplacian in polar
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e Consider the eigenvalue problem,

—Au=Mu in{
u=0 ondN

where 2 is the segment of the unit disk,
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Prove that the eigenvalues A must be real and positive.
e Use separation of variables to solve the eigenvalue problem.

3. Let ¢, ¢z, . .. be normalized eigenfunctions of a Sturm-Liouville problem on [a,b]; that
is
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where

(¢$ Tr'll")w = [: w(x)qﬁ(.r)u’;(x)d_;

and w > 0. Let f be a square integrable function on [a,b].
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e Determine the linear combination

N

fN = Z lk‘nq{)n

n=1

which gives the ’best approximation’ to f in the sense that the error In(f) =
(f — fn, f — fn)w is minimized.

e Prove Bessel’s inequality
Yok < (f P
n=1

4. Let F(z,y,z) = —yi + zyj — zyzk and let ¥ be the surface consisting of the half-cone
z = /xZ + 32 for 22 +y? < 9 with = > 0. Sketch the surface . Verify Stokes Theorem

fE(VXF).nda=fCF-dR.

o

Given w is a left eigenvector of matrix A with real negative eigenvalue A; that is
wl A = w’:
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e Find an expansion for w” e using the eigenvalue )\, where et =3, ﬁ;:. .
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o Let a < 3. Theset {z e RV | @ < w'z < B} is referred to as a slab. Briefly
explain this terminology based on the mathematical definition. Draw a picture in
R2.

e Consider the system & = Az. Show that for all ¢ > 0, z(¢) lies in the slab

6. Using the following facts about the function f(t):

e f(t) is real.
e f(t) is periodic with period 7' = 4 and it has complex Fourier series coefficients
ag (that is, () = £, ape™/3).

e a; =0 for |k| > 1.
e The function g(t) with Fourier coefficients by, = e™7™/2a_,. is odd.

o L[, 1f(t)|*dt = §, where [, means integration over any period of f.

What is f(t)?



