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SYSTEM THEORY 2011

1. For the dynamic system given by:

ẋ1 = x2

ẋ2 = − sinx1 − x2

(a) Formulate the third Liapunov Theorem on the linear approximations.

(b) Find all equilibrium points of the system and determine the corre-
sponding linear approximations (“abridged systems”). Classify the
stability of these points.

(c) Sketch a phase portrait of this system. Clearly label equilibrium points,
trajectories and directions, and areas of stability (if any).

(d) Find a suitable Liapunov function for this system and, if possible, find
a region of stability using this function.



2. Consider the following initial-value problem.{
ẍ+ ẋ = −δ(t− 1)

x(0) = ẋ(0) = 0 ,

where δ denotes the Dirac’s delta.

(a) Explain how the presence of the delta functional translates into an in-
terface condition, and solve the problem using elementary calculus

(b) Define the Laplace transform for the delta distribution and compute it.

(c) Compute the Laplace transform of the initial-value problem.

(d) Use the attached Table of Laplace Transforms to compute the inverse
Laplace transform and compare it with the solution obtained using the
elementary calculus.
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3. Consider the problem of optimizing the performance index

J = xy

subject to the inequality constraint

x + y ≥ 1.

Find and identify (max, min) the optimal points. Only consider solutions for
which x, y ≥ 0. Use a slack variable and a Lagrange multiplier to solve the
problem.

4. Solve the following optimal control problem:

a. Find the control history u(t) that minimizes the performance index

J = x3f

subject to the differential constraints

ẋ1 = u

ẋ2 = x1

ẋ3 = u2/2

and the prescribed boundary conditions

t0 = 0, x10 = 0, x20 = 0, x30 = 0

tf = 1, x1f
= 0, x2f

= 1

b. Apply the Legendre-Clebsch condition and the Weierstrass condition
to verify that the solution can be a minimum.

c. What is the conjugate point condition? What does it mean if a conju-
gate point exists within the interval of integration?
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